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Appendix B

In this appendix we explore the robustness of our model to an alternative specification
where a manager’s compensation is tied to the per-dollar returns on the fund and on the
benchmark portfolio as opposed to the performance measure used in the main text.

Define R; = D;/(%;S;), i =1,...,n, and let R = (Ry,...,R,)" be the vector of (per-
dollar) returns. It is distributed normally with mean pr = (p1/(2151), - .., pn/(Z,5,)) and
variance Y, where (ZR>ij = 0;;0:0;/(2:5:%;S;), i=1,....,n, j=1,...,n.

It is now more convenient to specify investors’ portfolio optimization problem in terms
of fractions ¢; of wealth under management invested in stock ¢, ¢ = 1,...,n, with the
remaining fraction 1 — Y7 | ¢; invested in the bond. Denote ¢ = (p1,...,9,)".

Let us start by considering the problem of a direct investor. Let WP denote the ini-
tial wealth of each direct investor. Let 1 = (1,...,1)T be a vector of ones. As in main
model, CARA preferences with normal returns are equivalent to mean-variance prefer-
ences. Then the direct investor’s problem can be written as max, (cpT,u r+1— ]ngo) WP —
(v/2)p X gy (VVOD)2 . The optimal solution is @PWP = S5 g — 1 /7.

Now consider fund managers. Suppose each manager is given W amount of money to
manage, which is all or part of the fund investor’s initial wealth. The manager’s compensa-
tion is w = [aR,+b(R,— Rp)|Wa +¢, where R, = ¢ R+1—1"¢ is the return on the man-
ager’s portfolio, and Ry, = w' R is the benchmark return. The benchmark weights (defined
as in Lemma 4 in Appendix A) are w; = 1@1-52-/2?:1 1;2;5;, and w = (wy, ... ,wyn)". Then
the manager’s compensation can be written asw = [(a + b)(¢ "R+ 1 — 1T¢p) — bw R] WM+

¢, and the manager’s problem is

max [(a+b)(p pr+1—1T¢) — bwug] W' — %[(a +b)p — bw] " Egr[(a+ b)p — buw] (WOM)2 :



The optimal solution is [(a + b)p™ — bw| W' = S (ur — 1)/. Equating total demand
with total supply, Ay WM + AppPWP =z - S, and rearranging terms, we arrive at the

following representation of the stocks’ expected returns:
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gives us an implicit expression for share values:
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Notice that (B.1) is identical to our expression for share values (35) in the main model with
1,W /3, 1,2,S; instead of 1y,.

Here, the value of assets under management, W, depends on asset prices. In general,
(B.1) cannot be solved in closed form. Consider a special case when W consists only of
the benchmark stocks, i.e., Wg¥ = 3", 1,7;5;. Then (B.1) becomes exactly (35).

Lemmas 1 and 2 from the main text extend straightforwardly. The extensions of Lemma
3 and Propositions 1—3 are a bit more tricky in general, so we consider special cases.

First, start again with the case where WM = >:1;2;S;. In this case, if firm ¢ invests,



then z-5® and 7;AS; are given exactly by (37) and (40), respectively. So Lemma 3 extends
to this case. Performing the same analysis as in the main text, we get Proposition 1—3.

Somewhat more generally, suppose that W¥ = ¢3°.1,7;S; + By so that the initial
portfolio of the fund consists of the benchmark portfolio scaled by £ > 0 and bond (or
cash) holdings By. Assume for simplicity we assume that investment is financed by internal
funds (or, equivalently, with the risk-free bond). Then the cost of investment to any firm
is I (which is also true in our original model). We discuss at the end of this appendix what
happens if investment is financed by equity instead.

Then equation (B.1) becomes
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Multiplying both sides by 1, and denoting by 7' = . 1,2;S; the total value of firms
that are in the benchmark, we have that T is the positive root of the following quadratic

equation:
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This delivers an explicit expression for asset prices:
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where T = Zj 1j.:Eij(i) is given by the positive root of
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The corresponding change in firm ¢’s value is
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where Z;_; = 1 if j = ¢ and Z,—; = 0 otherwise.
Suppose we have two firms iy and ioyr, i € B, iour ¢ B that are otherwise identical,
i.e., Oipy = Oigor = O, Piny = Piowry = P AN p; i = piooi = pj for j # iy, lour. The expression
for the benchmark inclusion subsidy is
Anb B
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The term in the first line is positive by Assumption 1. The term in the second line is new,
and appears because the sum of benchmark weights is different depending on whether the
investing firm is inside or outside the benchmark. It captures the fact that by investing, the
firm grows and effectively reduces importance of other firms in the benchmark. It is natural
to expect that this term in the second line is small. Formally, this term is proportional
to T0w) — Tliowr) — o(T) when project y is small relative to T (T0), TCovr) and T are
all of the same order). So the term 1/70~) — 1/TGevr) is O(1/T?). The rest of the second
term, yAAyb/(a + b)Bo > 7, (pjyojoy + pjoa;) 15, is of the same order as 7, ST, So
the second term is O (:EiINS("‘N)/T), i.e., of the order of the benchmark weight w;, .

The subsidy is still zero for risk-free projects. Indeed consider a special case when
project y is risk free, i.e., o, = 0. It is easy to show that TUevr) = T for igy, € {k +
1,...,n}. Moreover, suppose that I = pu, so that there are no arbitrage opportunities.
Then p() — 16) = 1 and X0 = 3 and thus T~ = T for i,y € {1,..., k}. Hence for the

risk-free project with p, = I we have AS; — AS; . =0, i.e., both firms value it equally.

ouT

In our main model, whether investment is financed by debt or equity is irrelevant. In

this specification, it is true if WM = >;1;z;S;, but not in general. To see why, consider
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again the case with W(f” = ¢, 1,2;5; + By and suppose that investment [/ is financed
by issuing 6; = I/ Si(i) additional shares. Then instead of 7™ = Y 1jzij](-i) we have
7O = > 1j9?"j5'](.i) + 1,59z + 6;) = > 1ja’chj(-i) + 1,1, which is the positive root of

’
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Comparing this equation to (B.2), one can see that 7" = T'@) if j is outside the benchmark,
and T®" > T if j is inside the benchmark. Using 7'evr)" = TCour) the difference in the
subsidies using debt vs. equity financing can be written as

(Zi1AS, — TiaASi ) gepy — (TinAS;, — Ti2ASy,,,) =

equity —

b 1 1 &
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Using T0w)" > T(n) | the expression in the square brackets is strictly positive. Therefore

the subsidy is larger with debt financing than with equity financing if and only if

By {‘72 + pooy, + Z (pjyojoy + pjoo;) 1j} > 0.
j=1
In particular, assuming that the expression in the curly brackets is strictly positive, the
benchmark firm prefers financing investment with debt rather than equity if and only if the
funds’ initial portfolio includes positive bond holdings (in addition to the risky portfolio
proportional to the benchmark portfolio). Notice that in the special case considered earlier
in which WM = >: 1;2;5; so that By = 0, risk-free debt and equity financing are equivalent,
i.e., deliver the same level of the benchmark inclusion subsidy. (The same result holds in
our original model in the main text.) Empirically, By is small, so we would expect the
difference between risk-free debt vs. equity financing to be of second order.

In the most general case where WiV is the value of a general initial portfolio, the analysis
is more complicated, but the overall message remains the same—whether risk-free debt or

equity financing is cheaper depends on the composition of WM.

"'We do not analyze risky debt, because the CARA framework with risky debt involves truncated normal
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Appendix C

The goal of this appendix is to discuss how one would approach investigating the welfare
implications of the benchmark inclusion subsidy. We will argue that within the current
model, such implications are ambiguous even in the simplest case. To do a proper analysis,
one would need to endogenize optimal contracts between fund investors and their managers.

To illustrate the ambiguity of welfare effects of the benchmark inclusion subsidy, consider
a simple version of our model, where the setup is similar to the one in Section 3, but there
are no direct investors—only fund investors and fund managers (direct investors can be
easily incorporated, as discussed at the end of this appendix). We will consider potential
mergers of firms 1 and 2 with firm y. In this case, total cash flows in the economy would
not change after a merger, and neither will the total holdings of the fund, since there are
no direct investors and the fund has to hold the total supply of shares. Therefore, the
only difference in the social welfare (which we will measure as sum of utilities of the fund
manager and fund investor) might come from a change in the risk sharing between these
two parties. We will show that when a non-benchmark firm 2 acquires y, there is no change
in the utilities of each agent and hence no change in the social welfare. However, when the
benchmark firm 1 makes the acquisition, part of the risk will be moved from the manager
(who wants to hold less of the more expensive asset) to the fund investor.

Let us introduce some notation. Denote by ¥, ; and 2", ; the initial endowments of risky
asset i by managers and fund investors, respectively. Also, let zM = (a + b)z}f — b, 2zM =
(a+b)xM, i =2y, denote the effective asset holdings of the manager. The corresponding

effective asset holdings of the fund investors are z!" = M — ;M

! M i =1,2,y, where 2 is the
manager’s demand for asset i given by equation (2) in the paper.
Prior to a merger, the utilities of managers and fund investors (in the mean-variance

form) are

distributions, which makes the analysis intractable.
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We construct a social welfare function which applies equal weights to the (mean-variance)

utilities of different agents:

R SRR CORCaN L

Notice that such choice of weights make the terms (2 ; — 2) S; and (27, ; — 2F') S; wash
out of the social welfare function (due to market clearing), and the terms 2 p; and 2/ j1; sum
up to a constant. These terms capture simple redistribution of (expected) resources across
the agents, so they represent movement “along the frontier,” while changes to UM + U¥
will represent movement inside or outside the frontier. The direction of this redistribution
effect depends (in part) on the agents’ initial endowments. If an agent is endowed with a
large (small) amount of the benchmark firm’s stock, s/he is going to benefit (lose) from the
subsidized increase in the price of this stock following an investment or merger.

As for the (aggregate) effect of the subsidy on the social welfare, in this example it
only comes from the shift of risk from one group of agents to the other, as captured by the
second term in the above expression for UM + U¥. In what follows, we will explore how
this term changes depending on which firm acquires y.

It will be useful to note that in this simple example without direct investors (so that
Ay = Ap = 1/2), the equilibrium allocations are very simple, and are given by zM = 2,
i=1,2,y,and 21" =2(a+b) = b, 23" = 2) =2(a+0), 2{ =2(1 —a—b)+b, 2" = 2} =
2(1—a—0).

We will now consider the effects of a merger on the social welfare. Suppose first that
firm 2 (outside the benchmark) acquires firm y. It is easy to verify that the equilibrium
holding of assets (1 and 2, since asset y has been acquired) do not change, i.e., v, = v; for

ve {aM M 2} i =1,2, in particular,

M =2(a+0b)—b, ZM=2(a+b), (C.1)
ZF=2l—a—b)+b, 2M=2(1-a—0).



It is easy to see that in this case, the utilities of the manager and fund investor after the
merger are the same as before the merger. The sum of the two utilities is also the same as

before, and is equal to

— AR+ 0 + 201 —a = b} (63 + 7).

Now suppose that firm 1 (inside the benchmark) acquires y. In this case, (C.1) above
still holds, but the sum of utilities changes to

UM +U"), :u1+u2+uy—%{[2(a+b)—b]2+[2(1—a—b)+b]2} (07 +07)

— {2+ D) + 20l —a - b))} o3,

What changes is how the risk associated with y’s cashflows gets allocated between the
manager and the fund investor. Before the merger, the corresponding utility terms for the
manager and investor are proportional to —[2(a + b)]* and —[2(1 — a — b)]?, respectively.
After the acquisition by firm 1, those terms change to —[2(a+b)—b]* and —[2(1—a—0b)+b]?,
so part of the risk is shifted from the manager to the fund investor.

To see if the social welfare increases or decreases as a result, compute

(UM +U"), = (UM +UT) =
= 2% (a4 B + 20— 0~ B — Rla )~ B — (1 - a— 8) + B}

= youb{4[2(a+b) — 1] —b}.

The sign of the above expression is uncertain, and depends on the parameters of the com-
pensation contract.? To assess the effect of the benchmark inclusion subsidy on welfare
even in this simplest case, we would need to model how the fund investors optimally design

compensation contracts for the fund managers. Intuitively, to provide incentives to the

2Kashyap et al. (2020) show that in the optimal contract, a +b > 1/2 and b > 0. Notice, however, that
this is not enough to sign the above expression.



manager (given an incentive problem that we do not model here), risk sharing between
her and the fund investor would be distorted away from perfect risk sharing. Whether the
shift of risk from the manager to fund investor due to acquisition helps or aggravates the
incentive problem in unclear without explicitly modeling it.3

Next, suppose we add direct investors to the above analysis. The main difference is
that the fund’s risky asset holdings are no longer equal to the fixed net supply of the stock.
However, just as in the previous case, it is easy to show that when the non-benchmark firm
2 acquires y, the equilibrium asset holdings of the agents remain the same as before the
merger, and thus so do their utilities.

Suppose instead that the benchmark firm 1 acquires y. The stock price of firm 2 does
not change, and neither do the agents’ equilibrium holdings of asset 2. The price of asset-
1 goes up (above the sum of S; and S,, due to the benchmark inclusion subsidy), and
in equilibrium, the asset 1 holdings of direct investors, 2P (because of the price effect),
decrease, while the total fund asset 1 holdings, 2} = 2M + 2 increase (because of the
inelastic demand component). Thus we have the shift of risk from the direct investors to
the fund as a whole. Moreover, we show in our main analysis (see the proof of Lemma
1) that 2P = 2M for all 4, and thus the risk component of the manager’s utility always
coincides with that of the direct investor, while the extra risk borne by the fund is carried
by the fund investor. So, after the merger of firm 1 and y, the risk is shifted from the direct
investor and fund manager to the fund investor. (Notice that it does not mean that the
fund investor is worse off, as his utility also has the expected component part, which washes
out from the social welfare function through the redistribution effect.) As before, it is hard
to sign the total effect on social welfare without knowing more about the contract.

We have illustrated ambiguity of welfare implications of the benchmark inclusion subsidy
in a simple setting with mergers, where the total cash flows remain unchanged after a
merger. The analysis with investments into new projects would have an additional layer of

complexity.

3Kashyap et al. (2020) analyze the optimal contract design in a similar setting, but do not consider
corporate decisions. That environment is much more complicated than what we study here. So properly
doing welfare analysis would require imposing a lot more additional structure.
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Appendix D

In this appendix we analyze the benchmark inclusion subsidy in a setting in which bench-
marking affects second moments of equity returns.

Consider a generalization of our model to three periods, ¢t = 0, 1, 2. Direct investors
derive utility from terminal wealth at the end of period 2. Fund managers derive utility
from the compensation, which is paid at the end of period 2. Both have CARA preferences
with the risk aversion coefficient ~.

There is a riskless asset (paying an interest rate that is normalized to zero), and n risky
assets. Risky assets pay dividends at the end of period 2, but there is cash-flow news that
arrives in period 1. This news and the terminal dividends are given by D;; = ¢;zi+€i4, @ =
1,...,n, t =12, where z is aggregate shock, ¢;, is an idiosyncratic shock and c¢; is the
loading on the aggregate shock. We follow Buffa et al. (2014) and assume that the variables

2 and e;; follow square-root processes:*

Zey1 = P2+ 0oz, e~ N(0,1), t=0,1,
il = Mei€it + Ocin/EitNigr1, Mg ~ N(0,1), t =0,1, i =1,...,n,

where 7,41 are ii.d. and independent of the aggregate shock 7, and p., 0., 20, fe,
Ociy €i0, © = 1,...,n, are positive scalars. At ¢t = 2, the risky stocks pay off terminal
dividends given by Dy = (D, ..., D, ), which is an n x 1 vector. With this specification,
Ditiq ~ N (ciuzzt + Uei€iy, CHO22 + 0372-51»71,/) and Covy(D; 11, Dji11) = cicjolz, t = 0,1,
1=1,...,n.

It is convenient to introduce the notation ¥, = .2, + X, ; for the variance-covariance
matrix of D;,q, conditional on information available at time t, where the n x n matrix ¥,
has the (4, j)-th element equal to ¢;c;02, and the n x n matrix X, is a diagonal matrix that
has the (i,7)-th element equal to afﬂ.ei,t. Also, denote by ¢ and &; the n x 1 vectors of ¢;

and ;4,2 = 1,...,n, respectively.

4The usual caveat about the quantity inside the square root potentially becoming negative applies. See
Backus et al. (2001), who use a similar square-root process in discrete time, for a discussion. The problem
goes away in a continuous-time version of this model, as in Buffa et al., which is tractable, but takes us too
far away from our baseline setting.
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The asset prices in period 1 are given by

)\M'b
ST = (1, €1 — YA (2, e 1 - 1, | .
1= pc21 + peer — YA (B2 + 1)( Py b>

The difference in return volatilities for firms inside and outside the benchmark comes from
the term highlighted in red.

The asset price of asset ¢ in period zero is given by
A Mb]-b )\M b]-b !
Si = zCi — iT 1 - A2 z 1 - Az_Bz 2
,0 |:MC YGC ( (Z+b) O-Z:|{M 7[( a+b H=C 0, (%0
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where
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and 1p; is the ¢-th component of vector 1, = (1,...,1,0,...,0). As before, the red

k n—k
terms trace the effects of the difference in return volatility of firms inside and outside the

benchmark.

It is straightforward to show that the variances and the absolute value of covariances
of per-share returns, Var(S;; — Sj0) and |Cov(S;1 — Sio, i1 — Sjo)l, 4,7 =1,...,n, are
higher for stocks in the benchmark.

Next, we will investigate the valuation of an investment project by different firms. Con-
sider a project y that requires initial investment I. We assume that if firm 5 adopts the
project, then firm j’s cash flows become

DY) = (c; +cy)ze + el

Jit Jit?

5§‘?t)+1 = (ftej + pey)éjr + (0cj + 0cy) 55‘?2”j,t+1-
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Denote ¢ = ciliz + (ci + ¢, hicj, 1) = peillizg + (pei + pey)Licy, 00 = ooilizy +

(0ci + 00y) iy, sz(jt) = ciyliz; + ngt)]li:j, where 1 is the indicator function. Also let
20 = 20, + th, where £ is an n x n matrix with the (i, k)-th element equal to

wc; J)

c and 2532 is the n x n matrix diagonal matrix that has the (7,7)-th element equal

2
( ) lt Also, denote by ¢l the n x 1 vector of c ). Finally, denote

. bl \ | b1
BU) — b 1 — )\ b YO (1 - )\ b ) A2
? 2( Mo+ ? Mot ’

. blw: \2 / o\ 2
Bs(]z') = % (1 — A flb) <O-e£]i)) A%,
I’ a k)

Using these notations, the change in the stockholder value, AS;y =S ](JO) — S0, 18
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Consider two otherwise identical firms, one of which is in the benchmark and the one is
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outside. The benchmark inclusion subsidy is given by
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Again, the red terms are parts of the subsidy coming from the fact that firms inside and

outside the benchmark have different return volatility. They are derived from the terms

BgiIN) _BgiOUT) B _B

s Deign ciour and B tin) _ pliour) yyhen adopting a new project, a firm

2 ZIN gtouT ”
inside the benchmark would face a larger increase in return volatility than a firm outside
the benchmark; this reduces its period-0 price and reduces the subsidy size. Hence this

effect of return volatility lowers the benchmark subsidy.”

®Note that empirically we typically observe a decrease in volatility in response to index/benchmark
inclusion (e.g., for the S&P 500 additions). This is because index inclusion often coincides with an im-
provement in a stock’s liquidity, which lowers the volatility of the stock’s returns. This effect works in the
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However, there are other effects of volatility. In particular, the period-0 return volatility
also affects the level of prices and hence the subsidy. For example, as in the main model,
part of the subsidy comes from the fact that benchmark firms are penalized less for the
cash-flow variance. The return volatility impacts the strength of this channel too. The
corresponding terms that are highlighted in blue. These terms would be present even if the
two firms, one inside and the other outside the benchmark, had the same period-zero return

volatility. The overall effect of return volatility, is, therefore, too complicated to sign.
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opposite direction to the one we identified above. We abstract away from liquidity considerations in our
model, and hence our analysis of the second moment effects on the subsidy is subject to that important
caveat. One paper that disentangles the liquidity and index membership effects is Ben-David et al. (2018),
who document that ETF membership increases stock return volatility.
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