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Abstract

The increasing number of institutions exploiting factor-investing strategies raises
concerns that competition may erode profits. We use a game-theoretic model to show
that, while competition among investors exploiting a particular factor erodes profits
because of the negative externality of their price impact on each other, competition to
exploit other factors can increase profits from the first factor because of the positive
externality from trading diversification (netting of trades across factors). We calibrate
our model using the investment and profitability factors and find that competition to
exploit the profitability factor leads to a 68% increase in the capacity and a 143%
increase in the profit from the investment factor.
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1 Introduction

Factor investing is a low-cost approach to active fund management that exploits stock char-
acteristics such as value, investment, and profitability. Although assets under management
in factor investing have grown rapidly at 30% per annum since 2010 (Ratcliffe, Miranda,
and Ang, 2017), reaching $1.9 trillion by 2018 (BlackRock, 2021), the capacity of these
strategies remains limited by price-impact costs. Indeed, there is a literature that character-
izes a strategy’s capacity, defined as the total investment that can be allocated to it before
price-impact costs erode its profits entirely (Novy-Marx and Velikov, 2016; Frazzini, Israel,
and Moskowitz, 2018; Chen and Velikov, 2021). Importantly, the growth in factor investing
has been accompanied by a substantial increase in the number of institutions competing
to exploit these strategies. For instance, 145 managers launched factor-investing products
in 2018 (Flood, 2019). This raises concerns about crowding: as an increasing number of
institutions exploit the same characteristic, competition leads them to overinvest and price-
impact costs erode profits.! Our key contribution is to use a game-theoretic model to show
that, while competition among investors exploiting a particular characteristic erodes profits
because of the negative externality of their price impact on each other, competition to exploit
other characteristics increases the profits from the first characteristic because of the positive

externality from trading diversification (netting of trades across characteristics).

To pave the way for our analysis of the effect of competition in the presence of
trading diversification, our first contribution is to characterize theoretically and empirically
the trading-diversification mechanism for the case with a single investor, that is, ignoring
competition. Intuitively, a single investor can reduce price-impact costs by combining several
characteristics whose portfolio-rebalancing trades are negatively correlated because their
trades net out on average. However, we show theoretically that combining characteristics may
reduce price-impact costs even when their rebalancing trades are not negatively correlated.

Empirically, we consider a single investor exploiting 18 characteristics and find that there is

'For example, in his AFA presidential address Stein (2009) argues that “basic economic logic suggests
that as more money is brought to bear against a given trading opportunity, any predictable excess returns
must be reduced and eventually eliminated.” Similarly, Jacobs and Levy (2014) state that: “Smart beta
strategies are often based on common, generic factors used by many managers. This approach leaves their
performance susceptible to factor crowding: Too many investors are buying (or selling) the same securities
on the basis of the same factors.”



a reduction of 16% in price-impact costs when trading them in combination rather than in
isolation. Moreover, exploiting the 18 characteristics in combination leads to an increase in
total capacity of 45%, from 239 to $345 billion, in total optimal investment of 43%, from
116 to $165 billion, and in total annual profits of 22%, from 1.5 to $1.8 billion.

Our second contribution is to study the effect of competition in the presence of trad-
ing diversification. To do this, we develop a game-theoretic model related to the models in
Berk and Green (2004) and Pastor and Stambaugh (2012), who consider competition among
fund managers facing diseconomies of scale at the fund and industry levels, respectively. In
contrast, we consider a model with two groups of factor investors, each group exploiting a dif-
ferent characteristic. Investors within each group compete to exploit the same characteristic
and thus face diseconomies of scale at the characteristic level driven by price-impact costs.
In particular, there is a negative externality within each group of investors because they do
not internalize the effect that their trades exert on each other’s price-impact cost. However,
there is also a positive externality between the two groups of investors because they reduce

each other’s price-impact costs as a result of trading diversification across characteristics.

We provide closed-form expressions for the equilibrium investment positions and prof-
its in the game and study how competition in the presence of trading diversification affects
them. To gauge the magnitude of the effect, we also calibrate the model using “investment
(asset growth)” as the first characteristic and “gross profitability” as the second. Figure 1
illustrates our main findings. Panel (a) illustrates the effect of competition to exploit a
particular characteristic by depicting the aggregate profits of the investors exploiting the
first characteristic as a function of their aggregate investment, when there are no investors
exploiting the second characteristic. The graph shows that in this case the capacity of the
first characteristic is around $16 billion. Moreover, when there is a single investor exploiting
the first characteristic (I; = 1), she maximizes her profits by investing around half of the
characteristic’s capacity. However, as the number of investors in the first characteristic I
increases, competition leads them to overinvest and, as a result, their aggregate profits de-
crease. In the limit, as the number of investors goes to infinity, their aggregate investment
position converges to the strategy’s capacity and their aggregate profits converge to zero

because of price-impact costs. Thus, we obtain the intuitive result for the base case that



Figure 1: Competition and profits in factor investing

This figure illustrates the effect of competition on capacity, investment positions, and profits in the presence of
trading diversification. The figure is calibrated using “investment (asset growth)” as the first characteristic
and “gross profitability” as the second. For each panel, the horizontal axis depicts aggregate investment
in the first characteristic (billions of dollars) and the vertical axis depicts aggregate annual profits from
the first characteristic (millions of dollars). Panel (a) illustrates the effect of competition to exploit the
same characteristic by depicting the aggregate profits of the investors exploiting the first characteristic as a
function of their aggregate investment, when no investors are exploiting the second characteristic (I = 0).
The vertical dashed lines mark the optimal aggregate investment in the first characteristic when there are
I; = 1,2,3 investors exploiting it. Panel (b) illustrates the effect of competition among investors exploiting
the second characteristic by comparing the aggregate profits of investors exploiting the first characteristic
for the cases where: (i) there are no investors exploiting the second characteristic (I = 0, blue line) and
thus there is no trading diversification, (ii) there is one investor (I2 = 1, red line), and (iii) there are ten
investors (I2 = 10, green line) exploiting the second characteristic.
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competition among investors exploiting the same characteristic erodes their profits because

of the negative externality of their price impact on each other.

Panel (b) of Figure 1 illustrates the effect of competition among investors exploiting
the second characteristic in the presence of trading diversification. The graph compares the
aggregate profits of investors exploiting the first characteristic for the cases where: (i) there
are no investors exploiting the second characteristic (I; = 0, blue line) and thus there is
no trading diversification, (ii) there is one investor (I; = 1, red line), and (iii) there are
ten investors (Iy = 10, green line) exploiting the second characteristic. Comparing the case
of Iy = 0 with that of I, = 1, we observe that the presence of an investor exploiting the
second characteristic increases the capacity of the first characteristic from 16 to around $22

billion and it also substantially increases the aggregate profits of investors exploiting the first



characteristic. Thus, investment in the second characteristic increases profits from the first

characteristic because of trading diversification.

Moreover, Panel (b) also shows that an increase in the number of investors exploiting
the second characteristic from I, = 1 to Iy = 10, further increases the capacity and aggre-
gate profits from the first characteristic. Thus, an increase in competition among investors
exploiting the second characteristic further increases profits from the first characteristic.
Overall, comparing the case without investors exploiting the second characteristic (I3 = 0)
to the case with ten investors (/3 = 10), competition among investors exploiting the second
characteristic leads to a 68% increase in the capacity and a 143% increase in the maximum

aggregate profit from the first characteristic.

Our paper has implications for the active debate about the extent to which price-
impact costs constrain the capacity of quantitative strategies based on firm characteristics.
While academic papers based on publicly available data suggest that trading costs constrain
capacity substantially (Korajczyk and Sadka, 2004; Novy-Marx and Velikov, 2016; Chen and
Velikov, 2021), research based on proprietary data from large money managers such as AQR
(Frazzini, Israel, and Moskowitz, 2015) and BlackRock (Ratcliffe et al., 2017) suggests that
the price-impact costs incurred by these institutions are much smaller, and thus the capac-
ity of quantitative strategies is much larger than previously thought. Our work presents
a channel that reconciles these contrasting views: financial institutions using quantitative
strategies may not face the level of price-impact costs documented in the academic literature
because they benefit from trading diversification—either by exploiting different characteris-
tics in combination within their own operation, or by exploiting a particular characteristic

while other institutions are taking advantage of different characteristics.

Our work has implications also for the industrial organization of the quantitative-
investment industry. For example, financial institutions should focus not only on character-
istics that are profitable, but also are exploited by a relatively small number of institutions.
This intuitive implication of our work may help to explain the high degree of concentration
in the investment-management industry, with just three firms—BlackRock, Vanguard, and
State Street—holding around 80% of the assets in ETF products (Baert, 2018). Moreover,

institutions have an incentive to acquire competitors—a strategy recently adopted by In-



vesco (Carlson, 2019)—in order to both reduce the intensity of competition and exploit the

trading-diversification benefits from combining a broader range of strategies in house.

Our work is related to the mutual-fund literature on competition; Berk and van Bins-
bergen (2017) provide a comprehensive review of this literature. The seminal paper by Berk
and Green (2004) considers managers who face diseconomies of scale at the fund level, while
Péstor and Stambaugh (2012) assume diseconomies of scale at the industry level.? In con-
trast, we consider diseconomies of scale at the characteristic level and provide a microfoun-
dation for them based on price-impact costs, which we estimate using the model of Frazzini
et al. (2018). This microfoundation is consistent with Edelen, Evans, and Kadlec (2007)
and Pastor, Stambaugh, and Taylor (2015), who show that trading costs are the primary
source of diseconomies of scale.®> We contribute to this literature by showing that compe-
tition among investors exploiting different characteristics can alleviate the diseconomies of

scale in fund management because of trading diversification.

There is also a mutual-fund literature on the impact on characteristic returns of
nondiscretionary trading (Lou, 2012). Li (2021) shows that nondiscretionary trading leads
to substantial price impact on the size and value characteristics. In contrast, we focus on
how competition among investors affects price-impact costs, and thus, instead of relying on
measures of nondiscretionary trading, in Appendix C we use mutual-fund data to study the

impact of a novel measure of buying and selling competition on characteristic returns.

Our work is related to Bonelli, Landier, Simon, and Thesmar (2019), who consider
investors competing to exploit a single characteristic and analyze how capacity and perfor-

mance depend on the characteristic persistence and the traders’ estimates of the number of

2In addition, Wahal and Wang (2011) find that incumbent funds that have high overlap in holdings with
entrant funds reduce management fees and earn lower alphas, Hoberg, Kumar, and Prabhala (2018) show
that buy-side competition among mutual funds explains future alphas, and Feldman, Saxena, and Xu (2020,
2021) show that when industry concentration is lower, net alpha and industry size are smaller.

3Edelen et al. (2007) state that “We estimate annual trading costs for a large sample of equity funds
and find that they are comparable in magnitude to the expense ratio; that they have higher cross-sectional
variation that is related to fund trade size; and that they have an increasingly detrimental impact on
performance as the fund’s relative trade size increases. Moreover, relative trade size subsumes fund size in
regressions of fund returns, which suggests that trading costs are the primary source of diseconomies of scale
for funds.” Péstor et al. (2015) explain that “evidence is mounting that trading by mutual funds is capable
of exerting meaningful price pressure in equity markets” and cite six papers in their Footnote 2 that support
this claim. In their own analysis, Pdstor et al. (2015) find that “the negative relation between industry size
and fund performance is stronger for funds with higher turnover and volatility as well as small-cap funds.
These results seem sensible because funds that are aggressive in their trading, and funds that trade illiquid
assets, see their high trading costs reap smaller profits when competing in a more crowded industry.”



competitors. In contrast, we consider investors competing to exploit multiple characteristics

and analyze how trading diversification affects capacity and performance.

Other researchers have also found that combining characteristics reduces transaction
costs. Barroso (2012) and Barroso and Santa-Clara (2015) explain that transaction costs
depend on the “interaction between characteristics.” Novy-Marx and Velikov (2016) point
out that investors trading one strategy can opportunistically take small positions in another
at negative trading costs. DeMiguel, Martin-Utrera, Nogales, and Uppal (2020) demonstrate
that “combining characteristics allows one to diversify trading.” Detzel, Novy-Marx, and
Velikov (2021) show that this trading-diversification effect leads to increases of up to 30%
in the squared Sharpe ratio of portfolios implied by prominent asset-pricing models. Two
features distinguish our work from this literature. First, most papers focus on the case with
proportional transaction costs, and thus, they cannot study the impact of trading diversifi-
cation on strategy capacity and optimal investment positions.* In contrast, we focus on the
case with price-impact costs and demonstrate that trading diversification has a substantial
effect on capacity and investment positions. Second, and more importantly, while the afore-
mentioned papers consider the case with a single investor, we consider the case with multiple
competing investors and show how the strategic interactions among financial institutions can

alleviate crowding concerns in factor investing because of trading diversification.

Our work is also related to a growing literature on crowding. Harvey, Liu, Tan, and
Zhu (2020) study the impact of team management on the crowding of ideas in discretionary
funds. Chincarini (2017) finds that, when portfolio managers consider price impact, they
hold less crowded portfolios because they prefer to “trade very small amounts of many more
stocks.” Lou and Polk (2022) show that crowded momentum trading leads to lower long-
term momentum returns and Hoberg, Kumar, and Prabhala (2020) show that the momentum

portfolio produces alpha only when it is constructed from stocks held by funds that do not

4A mnotable exception is Frazzini et al. (2015), who focus on the case with price-impact costs and show
that the capacity of the equally weighted combination of value and momentum is larger than that of each
of the two strategies in isolation. In contrast, we consider the optimal combination of 18 characteristics
and find that their capacity in combination is 45% larger than their aggregate capacity in isolation. Also,
DeMiguel et al. (2020) consider in section IA.2 of their internet appendix the case with price-impact costs,
but they focus on the significance of the various characteristics for the mean-variance portfolio and do not
study the capacity or profits of the strategies.



face intense competition. A distinguishing feature of our work is our focus on the effect of

competition across multiple characteristics in the presence of trading diversification.

There is also a literature on crowding and tail risk. Brown, Howard, and Lundblad
(2020) find that hedge fund exposures to a crowding factor explain tail risk. However, Bar-
roso, Edelen, and Karehnke (2021) cast doubt on crowding as a stand-alone source of tail
risk. These papers are related to the literature on the dynamics of market liquidity (Khan-
dani and Lo, 2011; Nagel, 2012; Drechsler, Moreira, and Savov, 2020; Franzoni, Plazzi, and
Cotelioglu, 2021). In contrast to this literature, and consistent with the capacity literature,

we focus on the static effect of competition on price impact and profits from factor investing.

The remainder of this manuscript is organized as follows. Section 2 describes how
we extend the parametric portfolios of Brandt, Santa-Clara, and Valkanov (2009) to allow
for price-impact costs. Section 3 characterizes theoretically and empirically the trading-
diversification mechanism for the case with a single investor, that is, ignoring competition.
Section 4 uses a game-theoretic model with multiple investors to study the effect of compe-
tition on capacity and profits and calibrates the model using data on characteristics. Sec-
tion 5 concludes. Appendix A uses an example to provide the intuition underlying trading
diversification, Appendix B provides a more general analysis of the game-theoretic model,
Appendix C uses mutual-fund data to provide empirical support for the main predictions
of the game-theoretic model, Appendix D provides proofs for all results, and the Internet

Appendix contains robustness checks.

2 Parametric portfolios with price-impact costs

We now explain how we extend the parametric portfolios of Brandt et al. (2009) to consider

price-impact costs in factor investing.

2.1 Parametric portfolios

We consider a market with N stocks and K firm-specific characteristics. We standardize
T cross sectionally to have zero mean; that is, z;; is a long-short portfolio, and thus, has

zero cost. This is customary in cross-sectional asset pricing and it facilitates our analysis by



removing the need for a budget constraint.> We also standardize the characteristic portfolio
weight vectors so that the sum of the positive or negative weights is one; that is, a portfolio
Orxy; invests 6 dollars in both the positive and negative legs. Finally, for the empirical
analysis we consider value-weighted long-short characteristic portfolios to avoid allocating

large weights to small firms that are difficult to trade.

Like Brandt et al. (2009), we consider a parametric portfolio policy such that the
weight on a particular stock at time ¢ is a linear function of only its weights in the K
characteristic portfolios. Moreover, the same linear function is applied across stocks and

over time.® Thus, the parametric portfolio at time ¢ can be written as

’wt(9) = Zl’ktek = Xte,
k

where 0 € R is the investment position in the kth characteristic, § = (01, 6,,...,0k) is the
investment-position vector, and X; = (x4, Toy, . .., Txy) € RNV*K {5 the matrix whose columns
are the K long-short characteristic portfolios at time t. The return of the parametric portfolio

at time ¢t + 1 is:”

Ppart = wi(0) T = ) Okl = 07X e (1)
k

2.2 Price-impact costs

Firm characteristics may reflect risk or mispricing. If a characteristic reflects compensation
for risk, then trading the characteristic will exert mainly temporary price impact, but if it

reflects mispricing, then trading it may exert both temporary and permanent price impact. In

5There are both long-short and long-only factor-investing products. The advantages of long-short funds
are that they are market neutral and they can exploit the favorable performance of the short leg. The
main advantage of long-only products is that they do not require shorting, which may be costly. However,
many long-short products can reduce costs by shorting the market index instead of individual stocks. For a
systematic study of long-short mutual funds, see An, Huang, Lou, and Shi (2021).

8The linearity of the parametric portfolio policy is required for tractability of the game-theoretic model
that we introduce in Section 4.1. Also, the assumption that the weights assigned to the characteristics
are constant over time is consistent with the empirical literature on the capacity of quantitative strategies,
which characterizes the largest investment position that can be allocated to a particular characteristic over
the entire period before price-impact costs drive its net average return to zero; see Korajczyk and Sadka
(2004), Ratcliffe et al. (2017), and Frazzini et al. (2018).

"Although 74,1 is a payoff because the parametric portfolio is a zero-cost long-short portfolio, for sim-
plicity we refer to it as a return.



the main body of the manuscript, we consider the case where trading a characteristic exerts
only temporary price impact, consistent with the empirical literature on the capacity of
quantitative strategies (Korajczyk and Sadka, 2004; Lesmond, Schill, and Zhou, 2004; Novy-
Marx and Velikov, 2016; Ratcliffe et al., 2017; Frazzini et al., 2018). However, Section 1A.4
of the Internet Appendix shows that our findings are robust to considering persistent price-

impact costs, which include as special cases permanent and temporary price-impact costs.

While several papers assume the price impact of a trade is linear in the amount traded
(Korajezyk and Sadka, 2004; Novy-Marx and Velikov, 2016), empirical evidence finds that
price impact grows with the square root of the amount traded (Torre and Ferrari, 1997;
Grinold and Kahn, 2000; Almgren, Thum, Hauptmann, and Li, 2005; Ratcliffe et al., 2017;
Frazzini et al., 2018). To capture either specification, we write the price-impact function at

time t as:

PI, = A, sign(Aw) o |Awy|®, (2)

where sign(z) is the componentwise sign of vector x, and the cases with linear and square-root

price impact correspond to @ = 1 and a = 0.5, respectively. The price-impact matrix
A; = diag( A1, Mgy - -, Av) € RV (3)

is the diagonal matrix whose nth element, \;,, is the price-impact parameter for the nth
stock at time ¢, which is exogenous in our model; Aw, € RY is the aggregate-trade vector
at time t, defined as the vector that contains the net amount traded in the market for each

stock aggregated across all investors and given by
Aw, = Z 0pTr:, Wwhere (4)
k
The = Tpt — Tpyg—1 0 (€ +1), (5)

x oy is the componentwise or Hadamard product of vectors x and y, and e is the N-
dimensional vector of ones. The aggregate-trade vector can also be conveniently written in

matrix notation as

Aw, = X9, (6)
where Xt = (Zilt, Zigt, e ,CZ’KO c ]RNXK.
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The price-impact cost at time t is the amount of trading multiplied by its price impact:

PIC, = Aw, PI, = Aw," A, sign(Aw,) o |Aw,|. (7)

Substituting (6) into (7), the price-impact cost of rebalancing the portfolio at time ¢ is
PIC, = 0T X, A, sign(X,0) o | X,6]°. (8)

2.3 Optimal parametric portfolio

The optimal portfolio at time ¢ is given by the investment-position vector ¢ that maximizes
the conditional expected portfolio return net of price-impact costs. However, a key insight
of Brandt et al. (2009) is that the optimal parametric portfolio policy can be obtained
by maximizing the unconditional expectation because the investment-position vector 6 is
assumed to be constant over time. In addition, for simplicity we assume that investors are
risk neutral, although Section IA.1 in the Internet Appendix shows that our results are robust
to considering risk-averse investors. Therefore, the optimal parametric portfolio is obtained
by choosing the investment-position vector 6 that maximizes the unconditional expectation

of the difference between the portfolio return and the price-impact cost

max E[rp,tﬂ — PICJ, (9)

in which 7,1, and PIC, are functions of 6, as specified in Equations (1) and (8), respectively.

3 'Trading diversification with a single investor

To pave the way for our analysis of the impact of competition, we first characterize theoret-
ically (in Section 3.1) and empirically (in Section 3.2) the trading-diversification mechanism
for the case of a single investor, that is, ignoring competition. Then, in Section 4, we study
the implications of trading diversification on the equilibrium among multiple competing

investors.

3.1 Theoretical results

We first study theoretically how the price-impact cost of a single investor is reduced when she
exploits a set of characteristics in combination (that is, accounting for trading diversification)

compared to the case when she trades them in isolation (ignoring trading diversification).

11



Definition 3.1 Given K characteristics whose rebalancing trades follow a particular joint
probability distribution, the price-impact diversification ratio for the nth stock is defined as
the ratio of the unconditional expected price-impact cost required to rebalance the position
on the nth stock for an equally weighted portfolio of the K characteristics (that is, accounting
for trading diversification) to that required to rebalance the K characteristics in isolation

(ignoring trading diversification). Mathematically,
~ 1+a
E [Atn}Zle xktnl " ]
~ 1+a]”’
ZszlE [)\tn|xktn| * ]

price-impact diversification ratio := (10)
where ), is the nth stock price-impact parameter at time ¢, that is, the nth element of the
diagonal matrix A; in (3), and T, is the trade on the nth stock required to rebalance the

kth characteristic at time ¢, that is, the nth element of vector Zx; in (5).

Note that a price-impact diversification ratio smaller than one implies that there is a
reduction in price-impact costs from combining characteristics. For instance, a price-impact
diversification ratio of 0.75 indicates that the price-impact cost of trading the characteristics
in combination is 25% smaller than that of trading them in isolation. On the other hand,
a price-impact diversification ratio of one implies that there are no diversification benefits
from combining the characteristics. Finally, a price-impact diversification ratio larger than
one implies that the price-impact cost of trading the characteristics in combination is higher

than that of trading them in isolation.®

The following proposition characterizes analytically the price-impact diversification
ratio for « > —1. DeMiguel et al. (2020, Proposition 3) characterize this ratio for the case
with proportional transaction costs, a = 0. Here, we generalize their result to the case
with a > —1, which includes the two most important price-impact-cost models: (i) a = 1,
implying a linear price-impact function, and thus, quadratic price-impact costs and (ii) @ =

0.5, implying a square-root price-impact function, and thus, subquadratic price-impact costs.

Proposition 3.1 Assume that the trades in the nth stock required to rebalance K charac-

teristics, that is, the quantities Ty, for k =1,2,..., K, are jointly distributed as a Normal

8To see how the price-impact diversification ratio could be larger than one, note that if the rebalancing
trades of K characteristics are highly positively correlated, then the price-impact cost of trading them in
isolation could be smaller than that of trading them in combination because price-impact costs are a strictly
convex function of the amount traded.

12



distribution with zero mean and positive definite covariance matriz €. Moreover, assume the
nth stock price-impact parameter is independently distributed from the rebalancing trades.
Then, for any o > —1 the

14+«

K K 2
(Zk:l O+ 2 Zl# Pklak0l>

K
PO IiJra

where a,f is the variance of the rebalancing trade Ty, and py is the correlation between the

price-impact diversification ratio =

)

rebalancing trades Ty, and Ty,. If, in addition, the covariance matriz €2 is symmetric with
respect to the K characteristics, that is, if o2 = o for all k and py = p for all k # 1, then®

KA+ (K -1)p)] =

price-impact diversification ratio = % (11)

and the price-impact diversification ratio is strictly smaller than one if and only if

Kita — 1
p<p=—-—.

1 (12)

We now discuss Proposition 3.1 focusing, for simplicity, on the symmetric case with
o2 = o? for all k and py; = p for all k # [. Equation (12) shows that the threshold correlation
p below which the price-impact diversification ratio is smaller than one depends on the form
of the price impact given by « and the number of characteristics combined K. For the case
with linear price impact, = 1, we have that p = 0, and thus, combining characteristics

reduces price-impact costs only if their portfolio-rebalancing trades are negatively correlated.

However, for the empirically relevant case of square-root price impact, a = 0.5,
Proposition 3.1 shows that the price-impact diversification ratio can be smaller than one
even if the rebalancing trades are positively correlated, as long as the correlation is below
the threshold p = (K'/3—1)/(K —1) > 0. That is, with square-root price impact, combining
characteristics leads to a reduction of price-impact costs even if the rebalancing trades of

the characteristics are moderately positively correlated.!® This difference is driven by the

9Note that the term K (1 + (K — 1)p) is strictly positive because 2 is positive definite.

10Proposition 3.1 shows that trading diversification is fundamentally different from variance-risk diversi-
fication, which takes place whenever asset returns are not perfectly correlated. For the case with linear price
impact, trading diversification occurs only for strictly negative correlation between the rebalancing trades of
different characteristics. Even for the case with square-root price impact, combining characteristics reduces
price-impact costs only if the correlation between rebalancing trades is below a positive threshold that is
strictly smaller than one.

13



Figure 2: Price-impact diversification ratio: Theoretical results

This figure depicts the price-impact diversification ratio given in (10) for characteristics satisfying
the assumptions of Proposition 3.1 and for the case where the covariance matrix of rebalancing
trades is symmetric with respect to the characteristics; that is, the case where o = o2 for all k
and pg; = p for all k # I. Panel (a) considers the case with two characteristics and shows the
price-impact diversification ratio on the vertical axis as a function of the correlation between the
rebalancing trades of the two characteristics on the horizontal axis. The two curves correspond to
the cases with square-root price-impact function (subquadratic price-impact costs, a = 0.5) and
linear price-impact function (quadratic price-impact costs, & = 1). Panel (b) shows the price-impact
diversification ratio on the vertical axis as a function of the number of characteristics combined for
the case with p = 0 and square-root price-impact function (a = 0.5).
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fact that the square-root price-impact function (o = 0.5) assigns a much lower weight to
large trades than the linear price-impact function. Appendix A uses a simple example to
provide intuition for the difference in the theoretical results for the cases with linear and

square-root price impact.

These theoretical findings are illustrated in Figure 2. Panel (a) depicts how the
price-impact diversification ratio depends on the rebalancing trade correlation p for the case
with two characteristics and linear (o« = 1) or square-root price impact (o = 0.5). The
graph shows that for the case with square-root price impact (o = 0.5) the ratio is smaller
than one provided p < p = 2% — 1 ~ 0.26. For example, if p = 0, the price-impact
diversification ratio for the case with two characteristics is around 0.84, indicating that the
price-impact cost of trading the two characteristics in combination is around 16% smaller
than the average cost of trading them in isolation. Panel (b) illustrates the effect of the
number of characteristics K on the price-impact diversification ratio for the case with zero
rebalancing-trade correlation (p = 0) and square-root price impact (o = 0.5). The plot
shows that the benefits from trading diversification increase substantially with the number
of characteristics combined and the price-impact diversification ratio ranges from 84% for

the case with two characteristics to around 50% for the case with K = 18 characteristics.

In this section, we have shown that, with a square-root price impact, combining char-
acteristics leads to a reduction in price-impact costs even when the rebalancing trades of the
characteristics are uncorrelated or moderately positively correlated. In the next section, we
examine the magnitude of this effect empirically for the case with a single investor exploiting

18 characteristics.

3.2 Empirical results

To evaluate the magnitude of the trading-diversification benefits for a single investor from
combining characteristics, we require a historical sample of the rebalancing-trade vectors,
Trt, the characteristic-portfolio returns, #7111, and an estimate of the price-impact cost for

each stock.

To obtain a historical sample for the rebalancing-trade vectors and characteristic-

portfolio returns, we compile data on stock returns as well as for the 18 characteristics
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Table 1: List of characteristics considered

This table lists the 18 characteristics we consider, ordered alphabetically by acronym. The first column gives
the number of the characteristic, the second column gives the characteristic’s definition, the third column
gives the acronym, and the fourth and fifth columns give the authors who analyzed them, and the date and
journal of publication.

#  Characteristic and definition Acronym Author(s) Date, Journal
1 Asset growth: Annual percent change in total assets agr Cooper, Gulen & Schill 2008, JF
2 Beta: Estimated market beta from weekly returns and equal weighted market returns beta Fama & MacBeth 1973, JPE
for 3 years ending month ¢t — 1 with at least 52 weeks of returns
3 Book to market: Book value of equity divided by end of fiscal-year market capitalization bm Rosenberg, Reid & 1985, JPM
Lanstein
4 Industry adjusted book to market: Industry adjusted book-to-market ratio bm_ia Asness, Porter & Stevens 2000, WP
5 Industry adjusted change in asset turnover: 2-digit SIC fiscal-year mean adjusted chatoia Soliman 2008, TAR
change in sales divided by average total assets
6  Change in tax expense: Percent change in total taxes from quarter ¢t — 4 to ¢ chtx Thomas & Zhang 2011 JAR
7 Gross profitability: Revenues minus cost of goods sold divided by lagged total assets  gma Novy-Marx 2013 JFE
8 Industry sales concentration: Sum of squared percent of sales in industry for each herf Hou & Robinson 2006, JF
company
9 12-month momentum: 11-month cumulative returns ending one month before month- mom12m Jegadeesh 1990, JF
end
10 1-month momentum: 1-month cumulative return momlm Jegadeesh 1990, JF
11 Market capitalization: Natural log of market capitalization at end of month ¢t — 1 mve Banz 1981, JFE
12 A% gross margin - A% sales: Percent change in gross margin minus percent change in  pchgm_pchsale Abarbanell & Bushee 1998, TAR
sales
13 Financial-statements score: Sum of 9 indicator variables to form fundamental health ps Piotroski 2000, JAR
score
14 R&D to market cap: R&D expense divided by end-of-fiscal-year market capitalization rd_mve Guo, Lev & Shi 2006, JBFA
15 Return volatility: Standard deviation of daily returns from month ¢ — 1 retvol Ang, Hodrick, Xing & 2006, JF
Zhang
16  Volatility of share turnover: Monthly standard deviation of daily share turnover std_turn Chordia, Subrahmanyan 2001, JFE
& Anshuman
17  Unexpected quarterly earnings: Unexpected quarterly earnings divided by fiscal- sue Rendelman, Jones & La- 1982, JFE
quarter-end market cap. Unexpected earnings is I/B/E/S actual earnings minus me- tane

dian forecasted earnings if available, else it is the seasonally differenced quarterly earn-
ings before extraordinary items from Compustat quarterly file

18 Zero trading days: Turnover weighted number of zero trading days for most recent zerotrade Liu 2006, JFE
month

listed in Table 1, which include the traditional characteristics size, value, and momentum
plus the 15 characteristics that DeMiguel et al. (2020) find jointly significant for explaining
the cross section of stock returns. We combine U.S. stock-market information from CRSP,
Compustat, and I/B/E/S from January 1980 to December 2018.!! Our database contains
every firm traded on the NYSE, AMEX, and NASDAQ exchanges. We then remove firms
with negative book-to-market ratios. As in Brandt et al. (2009), we also remove firms below
the 20th percentile of market capitalization because these are very small firms that are

difficult to trade.

We form value-weighted long-short portfolios for each characteristic by going long on
stocks with values of the characteristic above the 70th percentile and going short stocks with
values of the characteristic below the 30th percentile. We standardize the value-weights so

that both the positive and negative weights sum to one for each characteristic. Then, we

'We thank Jeremiah Green for sharing the code to download the data in Green, Hand, and Zhang (2017).
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use (5) to compute the monthly rebalancing-trade vectors and a single-characteristic version

of (1) to compute the returns of each characteristic portfolio.

To estimate the price-impact cost for the nth stock, we use the results of Frazzini
et al. (2018), who use a trade-execution dataset from a large money manager covering a
19-year period to estimate the following panel regression for the price impact of a trade on

the nth stock

Pl = ap + bvry, + ¢ sign(vrg,)/ [Vim), (13)

where vry, = 100 x Awy, /dtvy, is the signed dollar value of a trade Awy, as a percentage of
the stock’s average daily dollar volume dtvy,. The second and third terms on the right-hand
side of (13) account for the linear and square-root price impact of trading, respectively. The
first term ay, captures the effect of explanatory variables that do not depend on the trade
size such as a time trend, the stock’s log market capitalization and idiosyncratic volatility,
and the monthly variance of the CRSP value-weighted index. The panel regression in (13)
is a generalization of the price-impact function given in Equation (2) because it allows for
additional explanatory variables collected in a;, and a term linear in vry,, in addition to a
square-root term. Frazzini et al. (2018) find that the coefficient ¢ in (13) is highly statistically
significant, whereas the coefficient b is not significant, consistent with the findings of Torre
and Ferrari (1997), Grinold and Kahn (2000), Almgren et al. (2005), and Ratcliffe et al.
(2017). We rely on the estimates of as,, b, and ¢ reported in Column (9) of Table VII in

Frazzini et al. (2018) to characterize the price-impact cost of a trade in the nth stock.

Based on the historical sample of rebalancing-trade vectors and the stock price-impact
model of Frazzini et al. (2018), Table 2 compares the capacity, optimal investment, and opti-
mal annual profit of a single investor that exploits the 18 characteristics when considered in
isolation (without trading diversification) and in combination (with trading diversification).
We obtain the optimal investment and profit by solving the parametric portfolio problem (9)
for each of the 18 characteristics in isolation and in combination.!? The investment is given by
the optimal value of § and the annual profit is 12 times the optimal objective of problem (9).

We obtain the capacity of each characteristic in isolation by computing the maximum invest-

12For the price-impact cost model of Frazzini et al. (2018), which contains both linear and square-root
price-impact terms, there are no closed-form expressions for the optimal investment and profit, so we compute
these numerically. Also, as explained in Section 2.1, the investment position ; represents the dollars invested
on the long leg and on the short leg of the ith characteristic portfolio.
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Table 2: Impact of trading diversification on capacity, investment, and profit

This table reports the capacity, optimal investment, and optimal annual profit of a single investor that
exploits the 18 characteristics ignoring trading diversification (in isolation) and accounting for trading diver-
sification (in combination). For each characteristic, the first column reports its acronym and the remaining
columns report its capacity, optimal investment, and optimal profit when considered in isolation and in
combination, as well as the percentage increase in these quantities when the characteristic is considered in
combination instead of in isolation. We obtain the optimal investment and profit by solving problem (9)
for each of the 18 characteristics in isolation and in combination, with the price-impact cost PIC; evaluated
using the model of Frazzini et al. (2018) in Equation (13). The investment is given by the optimal value of
6 and the annual profit is 12 times the optimal objective of problem (9). We express all quantities in terms
of market capitalization at the end of our sample (December 2018).

Capacity Investment Profit

Isol. Comb. Incr. Isol. Comb. Incr. Isol. Comb. Incr.
Characteristic ($bill.)  ($bill.) (%) ($bill.)  ($bill.) (%) ($mill.) ($mill.) (%)
gma 105.502 133.764 27 52.751 64.106 22 324.52 443.48 37
rd_mve 66.163 66.009 -0 31.954 31.635 —1 918.93 923.85 1
bm 32.510 41.174 27 15.346 19.733 29 129.17 178.12 38
herf 6.389 40.488 534 2.832 19.404 585 2.18 23.29 970
agr 16.082 25.681 60 7.528 12.308 63 69.73 133.93 92
ps 4.819 7.542 57 2.223 3.615 63 11.36 24.76 118
chatoia 1.654 6.392 287 0.753 3.064 307 2.00 12.18 510
beta 1.319 5.952 351 0.601 2.853 374 0.94 7.18 667
bm_ia 0.000 5.572 - 0.000 2.670 - 0.00 0.77 -
moml12m 1.007 3.090 207 0.456 1.481 225 3.19 15.87 398
chtx 0.768 2.348 206 0.351 1.125 220 1.45 7.44 414
sue 0.869 2.265 161 0.397 1.085 173 2.41 9.19 281
retvol 0.201 1.621 708 0.088 0.777 785 0.50 9.40 1790
pchgm_pchsale 1.450 1.068 —26 0.658 0.512 —22 1.63 2.55 57
std_turn 0.001 1.008 94076 0.000 0.483 - 0.00 1.62 -
momlm 0.002 0.552 31145 0.000 0.265 - 0.00 2.86 -
zerotrade 0.005 0.424 8965 0.002 0.203 9865 0.00 1.47 78499
mve 0.000 0.125 - 0.000 0.060 - 0.00 0.02 -
Total 238.739 345.076 45 115.941 165.378 43  1467.99 1797.98 22

ment that can be allocated to each characteristic before price-impact costs erode any profits.
We obtain the capacity of the 18 characteristics in combination by scaling up the optimal
parametric-portfolio vector for the case where the 18 characteristics are exploited in com-
bination until price-impact costs erode any profits. As in Korajezyk and Sadka (2004) and
Novy-Marx and Velikov (2016), we express all quantities in terms of market capitalization

at the end of our sample (December 2018).

The capacity estimates in Table 2 are consistent with those in the literature; for

instance, the total capacity aggregated across the 18 characteristics when considered in iso-
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lation is around $239 billion. When considered in isolation, the “gross profitability (gma)”

characteristic has the largest capacity of around $105 billion. Other popular characteristics

PR ANAA 7

such as “R&D to market capitalization (rd_mve),” “value (book to market, bm),” and “in-
vestment (asset growth, agr)” have capacities in isolation of more than $10 billion each. In
unreported results, we also find that the median trade size of the single investor over time
and across stocks is $505,827, which is of the same order of magnitude as that reported in
Table I of Frazzini et al. (2018) for their trade execution database, $356,900. This indi-
cates that it is reasonable to use the price-impact cost model of Frazzini et al. (2018) in our

context.

More importantly, Table 2 shows that trading diversification has a substantial effect
on capacity, investment, and profits. The last row of the table (Total) shows that exploiting
the 18 characteristics in combination leads to a 45% increase in total capacity from 239 to
$345 billion, a 43% increase in total optimal investment from 116 to $165 billion, and a 22%

increase in total annual profits from 1.5 to $1.8 billion.'?

Figure 3 reports the empirical price-impact diversification ratio as a function of the
number of characteristics considered, when we invest in each characteristic the amount that
is optimal for a single investor that considers all 18 characteristics in combination; that is, the
amount in the sixth column of Table 2.1* For each number of characteristics K = 1,2,...,18
(depicted on the horizontal axis), we consider all combinations of the 18 characteristics taken
in groups of K and report the mean along with the 5th and 95th percentiles of price-impact

diversification ratio across the combinations.

The figure shows that the benefits from trading diversification increase substantially
with the number of characteristics, and the average price-impact diversification ratio is
around 84% for the case where all 18 characteristics are considered; that is, there is a
reduction of around 16% in price-impact costs when combining all characteristics using their

5

optimal investment weights compared to considering them in isolation.'® Moreover, the

13Moreover, Section IA.2 of the Internet Appendix reports the result of a subsample analysis and shows
that trading diversification has a substantial effect in both the first and second halves of our sample.

4We have reproduced Figure 3 for the case where the characteristics are equally weighted and the
results are very similar, with a price-impact cost reduction of around 18% from combining 18 characteristics,
compared to exploiting them in isolation.

15 Although substantial, this price-impact cost reduction is smaller than that predicted by Proposition 3.1
because the multivariate distribution of the empirical rebalancing trades is neither symmetric nor normally
distributed.
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Figure 3: Price-impact diversification ratio: Empirical results

This figure depicts the empirical price-impact diversification ratio as a function of the number of character-
istics combined, when we invest in each characteristic the amount that is optimal when all 18 characteristics
are considered in combination. For each number of characteristics K (depicted on the horizontal axis), we
consider all combinations of the 18 characteristics taken in groups of K and report the mean (solid red
line) and the 5th and 95th percentiles (dashed black lines) of price-impact diversification ratio across the
combinations.
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figure shows that the results in Table 2 are robust to considering different subsets of char-
acteristics. To see this, note that we do not re-optimize the weights of the characteristics
when considering K < 18, but rather use the weights that are optimal when combining
all 18 characteristics, yet there are substantial benefits in terms of price-impact cost from

combining characteristics.

In this section, we have shown that trading diversification has a substantial effect on
the optimal investment positions, price-impact costs, and profits of a single investor. In the
next section, we study theoretically how these quantities are affected by competition among

multiple investors.

4 Competition with trading diversification

We now study how the trading-diversification mechanism characterized in the previous sec-

tion affects capacity, investment, price-impact costs, and profits when two groups of investors
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compete to exploit different characteristics. Section 4.1 proposes a game-theoretic model of
competition and characterizes its equilibrium in closed form, Sections 4.2-4.4 discuss the
effect of competition in the presence of trading diversification, and Section 4.5 calibrates the

game-theoretic model using empirical data to gauge the magnitude of this effect.

4.1 Game-theoretic model of competition

We now extend the parametric-portfolio framework introduced in Section 2 to develop a
game-theoretic model of competition. For simplicity, in the theoretical model we consider
two groups of investors exploiting two different characteristics, as illustrated in Figure 4.
The first group contains [; investors exploiting the first characteristic and the second group
contains Iy investors exploiting the second characteristic. As the characteristics of the N
stocks change over time, each investor needs to rebalance her portfolio monthly so that it has
the correct loading on each characteristic. There is a negative externality among investors in
each group, because when the ith investor in the kth characteristic increases her investment
position, the rest of the investors exploiting the kth characteristic incur higher price-impact
costs. There is also a positive externality across the two groups of investors because when
investors in one group increase their investment position, the investors in the other group

incur lower price-impact costs.

Our theoretical analysis relies on the following assumption.

Assumption 4.1 The following three conditions hold: (1) aggregate trading has a linear
impact on prices; (2) there is a strictly positive probability that the rebalancing-trade vectors
of the two characteristics, T1; and Top, are nonzero and that they are not perfectly collinear;

and (3) the average return of the second characteristic is zero.

Assumption 4.1(1) is required for tractability, Assumption 4.1(2) rules out the unrealistic
case where the characteristics are time invariant or perfectly collinear, and we make Assump-
tion 4.1(3) to simplify the exposition. Appendix B generalizes the theoretical results for the
case where Assumption 4.1(3) does not hold. Moreover, we relax all three assumptions in

the empirical calibration of the game-theoretic model in Section 4.5.
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Figure 4: Game-theoretic model of competition

This figure illustrates the game-theoretic model of competition in factor investing. There are two groups of
investors exploiting two different characteristics. The first group contains I; investors exploiting the first
characteristic (in red) and the second group contains I investors exploiting the second characteristic (in
green). The investment position of the ith investor exploiting the kth characteristic is ;.
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Consistent with the parametric portfolios introduced in Section 2, each investor in
the game maximizes the expectation of the difference between her portfolio return and price-
impact cost. Then, the following proposition shows that the decision problem of each investor

can be written as a tractable optimization problem.

Proposition 4.1 Let Assumption 4.1 hold. Then, the decision problems of the ith investors
in the first and second characteristics are

negative externality positive externality

max 911‘#1 — O\ — ‘911/\12- O —911‘)\1221»2 B, and (14)
01; N~ N izéz J J=1 jj’

mean return price-impact cost

negative externality ~ Positive externality

—
H;&X — 9%/\20% — 021'/\22]-7&92]' — 021')\122;1:1013', Tespectively, (15)
21 A /

price-impact cost

where Oy; is the investment position of the ith investor exploiting the kth characteristic,

= E[mﬂnﬂ] is the average return of the first characteristic portfolio, A\, = E[:ELA@M] 18
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the price-impact parameter for the kth characteristic, Ao = E[T] Ao is the price-impact
parameter for the interaction between the two characteristics, A; is the price-impact matriz

defined in (3), and Ty is the rebalancing-trade vector for the kth characteristic in (5).

In Equation (14), the first term in the objective function of the ith investor exploiting
the first characteristic is her mean return (6y;11) and the remaining three terms capture her
price-impact costs. In particular, the second term is the price-impact cost that the investor
incurs due solely to her own trading activity (61;A161;), the third term is the price-impact
cost that the investor incurs due to the negative externality from the trading activity of
other investors exploiting the first characteristic (61;A1) ; ¢i91j), and the fourth term is the
price-impact cost reduction that the investor enjoys due to the positive externality from the

trading activity of investors exploiting the second characteristic (91¢A122§2:192j).16

The utility of the ith investor exploiting the second characteristic, in Equation (15),
is similar to that of the ¢th investor in the first characteristic, except that for simplicity we

assume the average return of the second characteristic is zero, as stated in Assumption 4.1(3).

The following proposition provides closed-form expressions for the equilibrium quan-
tities in the game-theoretic model. We employ the subscript “d” to denote quantities in a
decentralized setting with multiple competing investors, which we will later contrast with

the centralized setting.

Proposition 4.2 Let Assumption 4.1 hold. Then, there exists a unique Nash equilibrium
that is symmetric with respect to the I, investors exploiting the first characteristic and with
respect to the Iy investors exploiting the second. Moreover, the investment positions of the
ith investors exploiting the first and second characteristics are

[ - (-[2 + ]-) A2:“1
MET L A D) (I + DA — LN

and (16)

VEPSTYIA
(11 + 1)([2 + 1))\1)\2 — 11[2)\%2’

Ogiq = — respectively, (17)

16We exclude from our analysis the trivial case with A\j2 = 0, in which the decisions of the two groups of
investors are independent. Under Assumption 4.1(3), we can assume without loss of generality that A2 > 0
because it is straightforward to show that for the case where the second characteristic has zero mean return,
changing the sign of the second characteristic does not alter the equilibrium. Also, Proposition 4.5 shows
that f2; < 0 in equilibrium, and thus the fourth term in Equation (14) does indeed lead to a reduction in
price-impact costs.
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the profit of the ith investor exploiting the kth characteristic is
Thid = Mgy (18)
the price-impact cost of the ith investor exploiting the kth characteristic is
Chia = kOkia — Thia = rOkia — Mbrig (19)

and the price impact experienced by the ith investor exploiting the kth characteristic is

= U — Akgkzd (20)

In Sections 4.2-4.4 below, we use these closed-form expressions to understand the
impact of competition in the presence of trading diversification on the equilibrium. Our
discussion parallels that of Figure 1 in the introduction. To study the effect of crowding, we
start by considering the case where there are only investors exploiting the first characteristic
(I > 1, I = 0). Then, to characterize how competition among investors exploiting the
second characteristic alleviates crowding in the first characteristic, we consider the case
where there are investors exploiting both characteristics (/; > 1 and [, > 1). Finally, we

consider the centralized setting where a single investor exploits both characteristics.

4.2 Competition in the first characteristic

To set the stage for our main insight about trading diversification, we begin by considering
the case where there are only investors exploiting the first characteristic (I; > 1 and I, = 0).
We start by identifying the capacity of the first characteristic, defined as the aggregate
investment position for which aggregate profits become zero. From (14), we have that the
aggregate profits for the case where there are no investors exploiting the second characteristic
are m = 61y — 01 M0, where the aggregate investment position in the first characteristic
is 0, = thl 61;. Thus, the capacity of the first characteristic is C'(Iy = 0) = puy /M. Then,
the following proposition characterizes the equilibrium investment positions, profits, and

price-impact costs.

Proposition 4.3 Let Assumption 4.1 hold and consider the case where there are only in-

vestors exploiting the first characteristic (I; > 1 and Iy = 0). Then, there exists a unique
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Nash equilibrium, which is symmetric across the I investors. Moreover, the aggregate in-

vestment position of the investors in the first characteristic is

L
014 = 1101,q = —, 21
1d 101id S (21)
and their aggregate profit and price-impact cost are
]1 u2
Ma = ima = h0i, = (]H_—l)Q/\—ia and (22)
2y 2 I pi
= I(liqg = I} 07, = ————=—, respectively. 23
Cid 1C1id 1 MY14q (L + 12N P Y (23)

Furthermore, the following monotonicity properties hold:

1. The aggregate investment position 014 = 1101, s increasing in I, and converges to the

strateqy’s capacity py /N as Iy — oo.
2. The aggregate profits mq = I1m1;4 are decreasing in Iy and converge to zero as Iy — oo.

3. The aggregate price-impact costs C1q = I,(1iq are increasing in I and converge to p2 /

as I; — oo.

The intuition underlying Proposition 4.3, which is shown in Panel (a) of Figure 1,
is as follows. A single investor maximizes her profits by investing half of the capacity,
0ra = /20 = C(Iy =0)/2. Note that this is the first-best allocation that maximizes
aggregate profits in the absence of a second characteristic because the single investor acts as
a monopolist exploiting the first characteristic. However, when multiple investors compete
to exploit the first characteristic, there is a negative externality among them because they do
not internalize in their objective function how their investment decisions affect each other’s
price-impact costs. Consequently, as the number of investors I; increases, their aggregate
investment position increases and their aggregate profit decreases because their aggregate
price-impact cost increases faster than their aggregate gross return. In the limit, as the
number of investors goes to infinity, the externality pushes them to overinvest until price-
impact costs completely erode any profits from trading the first characteristic, a result that
parallels the seminal finding of Cournot (1838). Thus, Proposition 4.3 establishes the base-
case result that competition among investors exploiting the same characteristic erodes their

profits because of the negative externality of their price impact on each other.
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4.3 Competition across characteristics

To study the effect of competition across different characteristics, we now consider the case
where there may also be investors exploiting the second characteristic (I; > 0). We first
characterize how competition among investors exploiting the second characteristic increases

the capacity of the first characteristic.

Proposition 4.4 Under Assumption 4.1, the capacity of the first characteristic is

M1
0(12) - 1 )\%2 )
A re= ey

where Ay is the price-impact cost parameter for the second characteristic. Moreover, C(I3)

is monotonically increasing in Iy for any Iy > 0.

We then characterize how the aggregate investment position, profits, and price im-
pact for the first characteristic change with the number of investors exploiting the second

characteristic, I5.

Proposition 4.5 Let Assumption 4.1 hold and I; < oo. Then, the equilibrium quantities
i the decentralized setting satisfy the following conditions with respect to the number of

investors exploiting the second characteristic, Iy > 0:

1. The aggregate investment position in the first characteristic 014 = 11644 1s strictly

positive and increasing in Is.

2. The aggregate profit from the first characteristic mq = I1mq s strictly positive and

increasing i Is.

3. The price impact from exploiting the first characteristic, {159 = A 1101:q + A2l209:4, is

decreasing in Is.

4. For Iy > 1, the investment position in the second characteristic 0oq = 15054 is strictly

negative and decreasing in Io; that is, it is increasing in absolute value.

5. For Iy > 1, the aggregate profit from the second characteristic mwoq = Iame;q s strictly
positive and decreasing in Iy provided that Iy > (I} + 1)\ Ao /[(I1 + 1)\ Ao — [1A\2,] and

converges to zero as I — 00.
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We now discuss the intuition underlying Propositions 4.4 and 4.5; our discussion
parallels that of Panel (b) of Figure 1 in the introduction. Firstly, comparing the case where
there is no investor (I; = 0) to that where there is a single investor (I = 1) exploiting the
second characteristic, Part 3 of Proposition 4.5 shows that trading diversification reduces
the price impact from exploiting the first characteristic, which leads to an increase in the
capacity as well as in the equilibrium aggregate investment position and profits of the first
characteristic. Thus, investment in the second characteristic increases profits from the first

characteristic because of trading diversification.

Secondly, an increase in competition among investors exploiting the second charac-
teristic, measured by an increase in [, further reduces the price impact from exploiting
the first characteristic, and thus, increases the capacity as well as the equilibrium aggregate
investment position and profits for the first characteristic. To understand this result, note
that there is a negative externality among the investors exploiting the second characteris-
tic because they do not internalize in their objective function the effect of their investment
decisions on each other’s price-impact costs. This externality worsens as [, increases and
leads them to increase their aggregate investment position, which increases their price-impact
costs and reduces their profits. However, the increase in the aggregate investment position
of investors exploiting the second characteristic reduces the price impact experienced by in-
vestors exploiting the first characteristic because of trading diversification, which leads to an
increase in their aggregate profits. Thus, competition among investors exploiting the second
characteristic further increases profits from the first characteristic because of the positive

externality between the two groups of investors.

4.4 Centralized investing in characteristics

Finally, we consider a centralized setting in which a single investor exploits both character-
istics. The following proposition shows that centralization leads to an increase in the total
profits from exploiting both characteristics compared to the case where a separate investor
exploits each of the characteristics. The main takeaway from this result is that financial
institutions have an incentive to centralize the utilization of multiple characteristics because
of trading diversification. We use the subscript “c” to denote optimal investment positions

and profits in the centralized setting.
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Proposition 4.6 Let Assumption 4.1 hold and consider a centralized setting in which a
single investor exploits both characteristics and a decentralized setting in which a separate

tmvestor exploits each characteristic. Then:

1. The equilibrium investment position in the first characteristic in the centralized setting,

01, 1s larger than in a decentralized setting; that is, 61, > 614 > 0.

2. The equilibrium investment position in the second characteristic in the centralized set-

ting, Os., is negative and smaller than in the decentralized setting; that is, 6s. < Oq < 0.

3. The profits from trading the second characteristic wo. are zero in the centralized setting

and smaller than those in the decentralized setting; that is, 0 = ma. < Tag.

4. The equilibrium total profits w. and the equilibrium profits from the first characteristic
in the centralized setting mi. are larger than those in the decentralized setting; that is,

T > Mg and T > Tiq.

To understand the intuition underlying Proposition 4.6, note that centralizing the
trading of two characteristics allows the single investor to internalize the positive externality
present in the decentralized setting between the investor exploiting the first characteristic and
the investor exploiting the second. In particular, the single investor in the centralized setting
internalizes the reduction in the price-impact cost of exploiting the first characteristic that
is achieved by increasing the investment position in the second characteristic. Consequently,
the single investor increases the investment position in the second characteristic to the point
where profits from the second characteristic are zero because this leads to a reduction in the
price-impact costs from exploiting the first characteristic. This reduction then allows the

single investor to increase investment in the first characteristic and maximize total profits.

4.5 Empirical calibration

To estimate the impact of competition across characteristics on the equilibrium, we calibrate
the game-theoretic model using the historical stock-return and characteristic data that we
downloaded for the analysis in Section 3. For our theoretical analysis in Sections 4.1-4.4,

we assumed the three conditions in Assumption 4.1. For the empirical calibration in this
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Figure 5: Competition in a single characteristic

This figure illustrates the effect of competition on aggregate investment positions and profits when there
are only investors exploiting the first characteristic (I; > 1 and I = 0). The figure depicts the aggregate
investment position and profits for the cases with Iy = 1,2,5,10, 20,00 investors. We consider the price-
impact cost model of Frazzini et al. (2018) and use “investment (asset growth)” as the characteristic.
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section, we relax these three conditions. As in Section 3.2, we estimate price-impact costs
using the model of Frazzini et al. (2018), which contains both linear (o = 1) and square
root (o = 0.5) price-impact terms. For this price-impact cost model, there are no closed-
form expressions for the equilibrium quantities, so we compute these numerically.!” We
use “investment (asset growth)” as the first characteristic and “gross profitability” as the
second characteristic; Section IA.3 of the Internet Appendix shows that our findings are
robust to considering other pairs of characteristics, such as: (i) “book to market” and “gross
profitability,” (ii) “momentum” and “gross profitability,” and (iii) “momentum” and “book

to market.”

Figure 5 illustrates the effect of competition on aggregate investment positions and
profits when there are only investors exploiting the first characteristic (I; > 1 and Iy = 0).

The figure depicts the aggregate investment position and profits for the first characteristic

I7Tn particular, we use a best-response iterative procedure to find the equilibrium. As a starting point, we
set the investment position of each investor equal to the optimal position in the centralized setting divided
by the number of investors. Then, at each iteration of the procedure we first compute the best response
of an investor exploiting the first characteristic who assumes the rest of the investors keep their investment
positions equal to those in the previous iteration. We then compute the best response of an investor exploiting
the second characteristic who assumes the rest of the investors exploiting the second characteristic keep their
positions equal to those in the previous iteration and the investors exploiting the first characteristic keep
their positions equal to their previously calculated best response. We stop this iterative procedure when the
investment position of every investor in two consecutive iterations is sufficiently close. We use the equilibrium
conditions to confirm that this procedure converges to a Nash equilibrium for all of our numerical experiments.
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Figure 6: Competition in a second characteristic

This figure depicts the investment positions and profits for the two characteristics for the decentralized
setting where there is a single investor exploiting the first characteristic I; = 1 and Iy = 0,1, 2,5, 10, 20, co
investors competing to exploit the second, and also for the centralized setting (Cen). Panel (a) depicts the
aggregate investment position in each of the two characteristics and the total investment position across both
characteristics in billions of dollars. Panel (b) depicts the annual profits obtained from each characteristic
and the total profits from both characteristics in millions of dollars. We consider the price-impact cost
model of Frazzini et al. (2018) and use “investment (asset growth)” as the first characteristic and “gross
profitability” as the second.
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for the cases with I = 1,2,5,10, 20, co investors. We observe that increasing the number
of investors competing to exploit the “investment (asset growth)” characteristic from I; = 1
to Iy = 20 doubles their aggregate investment position, from $7.5 billion to $15 billion and,
because of crowding, greatly reduces the aggregate expected annual profit, from almost $70
million to just above $10 million. In the limit, as the investors become perfectly competitive
(I} = 00), their aggregate investment position is 113% greater than that for the case with a

single investor and their aggregate profits vanish.

Figure 6 depicts the investment positions and profits for the case with two char-

acteristics for the decentralized setting where there is a single investor exploiting the first
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characteristic I; = 1 and I, = 0,1,2,5,10, 20,00 investors competing to exploit the sec-
ond, and also for the centralized setting (Cen). Panel (a) depicts the aggregate investment
position in each of the two characteristics and the total investment position across both
characteristics. Panel (b) depicts the profits obtained from each characteristic and the total

profits from both characteristics.

Comparing the case where there are no investors (I = 0) to the case where there
is a single investor exploiting the second characteristic (I = 1), we observe from Figure 6
that the presence of a single investor exploiting the second characteristic leads to an increase
of around 50% in the aggregate investment position in the first characteristic, from $7.5
billion to around $11.25 billion, and an increase in profits from the first characteristic of
around 95%, from almost $70 million to around $136.5 million. Moreover, when the number
of investors exploiting the second characteristic increases from I, = 1 to I = 20, their ag-
gregate annual profits are reduced by almost 80%, from around $360 million to around $75
million, and their aggregate investment position more than doubles, from around $50 billion
to around $110 billion. This additional investment in the second characteristic generates
trading diversification benefits for the investor exploiting the first characteristic “investment

7

(asset growth),” who, in response, increases her aggregate investment by 15% and her ag-
gregate profits by 26%. Overall, comparing the case without investors exploiting the second
characteristic (I; = 0) to the case with twenty investors (I = 20), competition to exploit the
second characteristic leads to a 70% increase in aggregate investment position and a 145%

increase in aggregate profits from the first characteristic.

Finally, the single investor in the centralized setting maximizes the total profits across
the two characteristics by taking an even greater investment position in the first characteris-
tic, but a smaller position in the second characteristic, compared to the decentralized setting
with I; = 1 and I, = 20. This is because by reducing the investment position in the second
characteristic, the single investor substantially increases the profits from the second charac-
teristic because of the substantial reduction in price-impact costs at the expense of only a
modest reduction in the profits from the first characteristic, thus generating substantially

higher total profits.'®

8Note that this result differs from the theoretical result for the centralized setting in Section 4.5, where
we found that the single investor increased her position on the second characteristic until price-impact costs
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Summarizing, the empirical calibration of our game-theoretic model shows that, be-
cause of the trading-diversification mechanism, competition across different characteristics
has a substantial effect on the equilibrium investment positions and profits of financial in-

stitutions exploiting factor-investing strategies.

5 Conclusion

The explosion in the number of fund managers investing in factors has raised concerns
about the effect of competition on the profitability of factor-investing strategies. The anal-
ysis in our manuscript suggests that the answer to the question posed in the title is that,
through the trading-diversification mechanism, competition across different characteristics
can increase profits in factor investing. Specifically, our game-theoretic model shows that,
although competition among investors exploiting a particular characteristic does erode their
profits, competition among investors exploiting other characteristics increases the profits
of investors exploiting the first characteristic because of the positive externality generated
by trading diversification. Our empirical analysis shows that competition across investors
exploiting different characteristics has a substantial effect on their capacity and on the equi-

librium investment positions and profits of financial institutions.

completely eroded profits from the second characteristic. The reason for this difference is that for the
empirical analysis we have relaxed the assumption that the mean return of the second characteristic is zero.
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A Trading-diversification example

In this appendix, we use an example to provide intuition for the difference in the theoretical
results for the cases with subquadratic price-impact cost function (o = 0.5) and quadratic
cost function (o = 1) in Section 3.1. In particular, we show that the theoretical findings
are driven by the fact that the subquadratic price-impact cost function (o = 0.5) assigns a

lower cost to large trades than the quadratic function (a = 1).

Consider a simple example with two characteristics whose rebalancing trades in the
nth stock, Ty, and Ty, are independently and identically distributed with equal probability
to take a value of —1 or +1. Moreover, let the price-impact parameter for the nth stock be
constant and equal to one, )\, = 1.2 Then, for the case with quadratic price-impact costs,

the expected cost of rebalancing each of the characteristics in isolation is equal to one:
. o 1 2
E [|Zyn|7) :51—1| +§|+1\ =1 for k=12

To calculate the price-impact cost of trading the two characteristics in combination, we

consider four equally likely outcomes depending on the values of Ty, and Toy,:

1,-1

Y

)
1,+1),
)
)

(filtnuj%n) - _7_17_1 7
+1,+1).

(
(
(
(

Thus, the expected cost of trading the two characteristics in combination is equal to two:
g L2y 1 2 1 2 1 2 1 2
E[|x1tn+x2m|}zzx|—1—1|+Z><|—1+1|+Z><|+1—1|+Z><|+1+1|
1 1 1 1
== x| =2P+=x[0P+>x[0P+>x]|+2P=2
X1 = 2P 0P+ 5 % 02+ 3 x | +2)

Thus, from (10) we have that

E [|j1tn + j2tn|2] _ 2 _
E[|Z1al’] + B [|Z2a]’] 1+1

price-impact diversification ratio =

19We assume that the absolute value of the rebalancing trades and the price-impact parameter are equal
to one without loss of generality as the price-impact diversification ratio is invariant to multiplying the
rebalancing trades of all characteristics or the price-impact parameter by a constant because the absolute-
value and power functions are homogeneous.
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The price-impact diversification ratio is 1 for the case with quadratic costs because even
though the price-impact cost is zero for the two outcomes where the trades of the two
characteristics net out, (—1,+1) and (+1, —1), the quadratic price-impact costs of trading
the characteristics in combination are large (equal to four) for the two outcomes where the
rebalancing trades of the two characteristics are in the same direction, (—1,—1) and (41, +1).
In other words, the increase in price-impact cost from trading characteristics in combination
for the two outcomes where the trades of the two characteristics are in the same direction
exactly compensates for the reduction for the two outcomes where they net out. This is

because the quadratic price-impact costs are disproportionately high for large trades.

For the square-root price-impact function, that is, subquadratic price-impact costs,

the expected cost of rebalancing each of the characteristics in isolation is also equal to one:

1 1
EU@M”]:§X|—UM+§X|+HM:1 for k=1,2.

In contrast, the expected cost of trading the two characteristics in combination is only v/2:

- - 1
E [[#1m + Zan] ] = 3 X [ = 1= 1124 2 [ = 119 2o [+ 1= 17 oo [ 1 1]
1 1 1 1
= x| =2+ = x 0"+ = x 0]+ = x|+ 2|
=202 2O 4 3 o'+ 7 x [ +2]
2 x 215

Thus, we have that for the square-root price-impact function the

E [|F1m + o' 2 1
price-impact diversification ratio = U o 20 } V2 — < 1.

E (|t + E [[Faa]®]  1+1 V2

The price-impact diversification ratio is smaller than one for the case with square-root price
impact because, in addition to having zero price-impact cost for the two outcomes where
the rebalancing trades of the two characteristics cancel out, (—1,+1) and (+1,—1), the
subquadratic price-impact costs of trading the characteristics in combination are only 2°
for the two outcomes where the rebalancing trades of the two characteristics are in the same

direction, (=1, —1) and (41, +1), compared to 22 for the case with quadratic costs.
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B Game-theoretic model of strategic competition

In this appendix, we characterize the equilibrium of the game-theoretic model proposed in
Section 4 for the more general case where Assumption 4.1(3) does not hold; that is, for the
case where the mean return of the second characteristic is nonzero. We also provide a more

detailed analysis of the solution to the game-theoretic model.
The portfolio of the ¢th investor exploiting the kth characteristic at time ¢ is

Wit (Oki) = 1t

where 0;; € R is the investment position of the ith investor exploiting the kth characteristic.

The portfolio return of the ith investor exploiting the kth characteristic at time ¢ + 1 is

.
Thit41l = OkiTpiTe41- (B1)

The following lemma shows that the price-impact cost of investors is a quadratic

function of their investment positions.

Lemma B.1 Under Assumption 4.1(1), the price-impact cost of the ith investor exploiting

the first and second characteristics at time t can be written as

Iz

PICyiy = 01;M4(61; + 01,—;) + 01\ 12 Z 0y, and (B2)
j=1
I

PICy = 020t (0a; + 02, _;) + O3 A 12t Z 615, respectively, (B3)
j=1

where Oy, _; = Z#i 01; 1s the aggregate investment position of investors in the kth character-
istic other than the ith investor and A\ = i;Ati‘kt and Aoy = :Z’LAtigt are the price-impact
parameters for the kth characteristic and the interaction between the two characteristics at
time t, respectively, where Ay is the price-impact matriz at time t defined in (3) and Ty is

the rebalancing-trade vector for the kth characteristic at time t defined in (7).

Lemma B.1 shows that, for the case with linear price-impact function, the trading
costs for the two investors can be conveniently decomposed into three distinct terms. The
terms associated with A; and Ay, measure the price-impact cost associated with exploiting

in isolation the first and second characteristics, respectively. The parameter A5; measures
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the interaction between the rebalancing trades for the two characteristics. For A9, = 0, the
price-impact costs of exploiting the two characteristics are independent, for A5y < 0 (> 0)
there is a positive (negative) externality between the two groups of investors because trading

in one characteristic decreases (increases) the price-impact cost of trading the other.

B.1 Decentralized setting

In the decentralized setting, we consider a game where the two groups of investors make
decisions simultaneously; however, in unreported results we observe that our findings are

robust to considering the case where investors in one of the groups act as Stackelberg leaders.

The ith investor in the kth characteristic chooses her investment position ; to max-
imize the unconditional expectation of the difference between her portfolio return and price-
impact cost:

HélaX E[rki,t—i-l - PIC]ﬂt] (B4)
ki

Then, the following proposition generalizes Proposition 4.2 for the case where the mean

return of the second characteristic may be different from zero.

Proposition B.1 Let Assumptions 4.1(1) and 4.1(2) hold. Then, the decision problems of

the ith investors in the first and second characteristics can be written as

negative externality ~ Positive externality

P —N—
Ip)
max Oripn — O1iMib1; — 91@/\12#1-91]' _612‘)\12Zj:102j’ and (B5)

014

mean return price-impact cost

negative esternality positive externality

— e T .
II;S;X egiﬂg \— 0%/\20% — HQiAQZifZH% _022')‘122]‘:101]/‘7 respectwely, (B6)

mean return price-impact cost

where A\, = E[A\i] is the price-impact parameter for the kth characteristic, Ao = E[A12]

18 the price-impact parameter for the interaction between the two characteristics, and py, =

Elx] 1] is the average return of the kth characteristic portfolio.

Note that although p; and us are exogenous in our model, the average characteristic
return net of price-impact costs, j1; and fio, are determined endogenously as a function of

the investment positions. For instance, for the first characteristic we have iy = 1 — A1 (01; +
01-3) — M2 Y52y s
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B.2 Centralized setting

To understand the impact of competition between the two groups of investors, we also
consider a centralized setting in which a single investor exploits both characteristics. For the

case with linear price impact, the decision problem in the centralized setting is:

max 91c/i1 + ‘92c,u2 — O1cM101c — 2011202, — 92(:)\292& (B7)

alc,920

where the subscript “c” denotes the optimal quantities for the centralized market. Note that
because the objective function in the centralized setting is to maximize total profits, the

total profit in the centralized setting is an upper bound for that in the decentralized setting.

B.3 Equilibrium

We now characterize the unique equilibrium in closed form for both the decentralized and

centralized settings.

Under Assumptions 4.1(1) and 4.1(2), Lemma B.2 below shows using the triangular
inequality that the absolute value of the price-impact parameter for the interaction between

the two characteristics is bounded above.

Lemma B.2 Let Assumptions 4.1(1) and 4.1(2) hold. Then, A, s > 0 and the absolute
value of the price-impact parameter for the interaction between the two characteristics is

bounded above by Ao = /A1y that is, |Aia| < Aia.

The following proposition generalizes Proposition 4.2 for the case where the mean

return of the second characteristic is nonzero.

Proposition B.2 Let Assumptions 4.1(1) and 4.1(2) hold. Then, in the decentralized set-

ting we have that:

1. There exists a unique Nash equilibrium.

2. The equilibrium is symmetric with respect to the Iy investors exploiting the first char-

acteristic and with respect to the Iy investors exploiting the second.
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3. The investment positions of the ith investor exploiting the first characteristic and the

ith investor exploiting the second characteristic are

(Io + 1) Aoptr — Inhiops
I+ 1) (Iy + D)X\ — [1103,

0, — (I + D) Ao — L1 Ao
TN+ D) (I + DA — LN

Hlid = ( and (BS)

respectively. (B9)

4. The profit of the ith investor exploiting the kth characteristic is
Thid = Mebiig- (B10)

5. The price-impact cost of the ith investor exploiting the kth characteristic is

Crid = HOkia — Tria = (fk — AkOria) Onid- (B11)

6. The price impact experienced by the ith investor exploiting the kth characteristic is

Ehia = 2= = ik — Mia- (B12)

The following proposition gives the optimal investments and profit in the centralized

setting, denoted by the subscript “c”.

Proposition B.3 Let Assumptions 4.1(1) and 4.1(2) hold. Then, in the centralized setting

we have that:

1. There exists a unique maximizer to the centralized decision problem.

2. The optimal investment positions are

>\2M1 - )\12,u2
0, = B1
oA — A (B13)

. A1z — Aafin

O = ——.
2 — M)

(B14)
3. The price-impact costs from trading the first and second characteristics, (1. and (o,

coincide with the profits from the first and second characteristics, m. and 7., and are

1 2 1
SAol] — S A12401H2
2 1732
c = T = , B15
G ! 2(A1 Ao — )\%2) ( )

%)\W% - %Alzﬂlﬂz
2(A A2 — A2,)

(B16)

§2c = Tgc =
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4. The price impacts from exploiting the first and second characteristics, (1. and (o,
coincide with the returns net of price impact from exploiting the first and second char-
acteristics, iy and fis., and are equal to half the gross return from the first and second

characteristics, py and ps:

510 = /7110 = %7 (B17>
§2c = [l2c = % (B18)
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C Empirical tests using mutual-fund data

We now provide empirical support for the two key predictions of our game-theoretic model
using data on mutual-fund holdings, stock returns, and firm characteristics. The first key
prediction of our model is that competition among investors exploiting the same characteris-
tic erodes their profits because of crowding. In particular, Part 3 of Proposition 4.3 predicts
that the price-impact cost of investors exploiting a characteristic increases with the number
of investors, which measures the intensity of competition. As a consequence of this increase
in price-impact costs, Part 2 of Proposition 4.3 predicts that aggregate profits decrease with

the number of investors.

The second key prediction of our model is that competition among investors exploiting
other characteristics alleviates crowding because of trading diversification. In particular,
Part 3 of Proposition 4.5 predicts that the price impact experienced by investors exploiting
a characteristic decreases with an increase in the number of investors exploiting a second
characteristic, that is, with the intensity of competition to exploit the second characteristic.
Consequently, Part 2 of Proposition 4.5 predicts that the aggregate profit from exploiting a

characteristic increases with the number of investors exploiting a second characteristic.

To provide support for these predictions, we run regressions of the returns of each
characteristic on a novel measure of competition to buy the same characteristic as well as
a second characteristic. We highlight two findings. First, a unit increase in competition to
buy just the first characteristic leads to a contemporaneous return of the first characteristic
of around 40%, with the cumulative return reverting fully over time. This return reversal
shows that investors exploiting a characteristic that experiences high buy competition suffer
large price-impact costs, and thus, provides support for the first prediction of our model that
crowding erodes profits. Second, the contemporaneous return response of the first character-
istic to a simultaneous unit increase in competition to buy both the first characteristic and
the second characteristic is about 17% smaller than that to a unit increase in competition
to buy only the first characteristic. This evidence supports the second prediction of our
model that competition among investors exploiting other characteristics alleviates crowding

because of trading diversification.

Our empirical approach follows the literature that studies the impact of nondiscre-

tionary mutual-fund trading on characteristic returns. Huang, Song, and Xiang (2021) con-

40



struct a characteristic-level measure of nondiscretionary mutual-fund trading by aggregating
the stock-level flow-induced trading (FIT) of Lou (2012) and show that mutual funds’ flow-
induced trades of factors do not carry information about fundamentals. Li (2021) exploits
the characteristic-level FIT to show that non-discretionary trading exerts price pressure on
the size and value characteristics. To do this, he uses panel regressions to show that a 1%
increase in characteristic FIT is associated with a contemporaneous increase in characteristic
returns of 2% that reverts fully over time.?° Unlike Li (2021), our focus is on how competi-
tion to exploit different characteristics affects price-impact costs, and thus, instead of relying
on measures of nondiscretionary trading, we define a novel measure of buying and selling

competition at the characteristic level.

The remainder of this appendix is organized as follows. Section C.1 describes the
data and our measure of competition to buy each characteristic, Section C.2 gives the results
from regressing the returns of each characteristic on measures of competition to buy the same

characteristic and a second characteristic, and Section C.3 reports various robustness checks.

C.1 Data and measures of competition

We download quarterly holdings of US equity mutual funds from Thomson Reuters. Like
Doshi, Elkamhi, and Simutin (2015), we combine all share classes issued by each fund and
drop funds with ten or fewer stock holdings or less than $15 million of assets under manage-
ment. We merge the resulting mutual-fund holdings with the stock returns and characteris-
tics that we downloaded for the analysis in Section 3.2! Our sample spans the period from

January 1980 to December 2018 and contains data for 15,238 stocks and 3,516 funds.??

We first define a measure of competition among mutual funds to buy and sell individ-
ual stocks and then we aggregate it to the characteristic level. In our theoretical analysis in

Section 4, we measure competition using the number of investors exploiting each character-

20In addition, (Li, 2021, Section 4.2) runs a structural vector autoregression to capture the joint dynamics
of characteristic FIT and returns and finds that “1% of buying pressure in a factor creates a price impact of
5.7%” and that characteristic FIT “explains around 30% of the size and value factor price fluctuations.”

21 As explained in Section 3, we form value-weighted long-short portfolios for each characteristic by going
long on stocks with values of the characteristic above the 70th percentile and going short stocks with values of
the characteristic below the 30th percentile. In practice, institutional investors use a variety of characteristic
portfolios tailored to their specific goals, but we use a 70/30 value-weighted portfolio because it provides a
good tradeoff between average gross return and price-impact costs.

22We thank Mikhail Simutin for sharing the code to replicate the results of Doshi et al. (2015).
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istic, which is appropriate because the equilibrium to our game-theoretic model is symmetric
with respect to all investors exploiting each characteristic, as shown in Proposition 4.2. To
measure competition using mutual-fund data, we have to account for the asymmetry across
mutual funds, and thus, we rely on the Herfindahl-Hirschman index (HHI) of concentration
in stock purchases to construct a measure of competition. Note that for the case with a
symmetric equilibrium, there is a one-to-one correspondence between HHI and number of

firms.?3

To define the measure for individual stocks, we first compute the number of shares of
stock n bought by fund j in quarter ¢ as bj,, = [hji, — hj,t,l,n]ﬂ where hj;, is the number
of shares of stock n held by fund j in quarter ¢, and [z]" = max(z,0) is the positive part
of . Similarly, we compute the number of shares sold as Sju, = [Rjm — hji—1,,]”, Where
[z]7 = max(—=x,0) is the negative part of . Then, we estimate the competition among

funds to buy stock n in quarter t as

Zj b?tn Zj bjtn

BuyComp,,, = <1 - 2> X : (C1)
(Zj bjtn) Zj(bjtn + Sjitn)
-~ 7 NS -~ _y
Purchase Fraction of
concentration shares purchased

The first term on the right-hand side of Equation (C1) is one minus the Herfindahl-
Hirschman index (HHI), which measures concentration of stock purchases across funds. For
instance, if a single fund buys all shares purchased, then the HHI is equal to one and the
first term is zero (low buy competition). If, on the other hand, ten funds purchase an
equal number of shares, then the HHI is 0.1 and the first term takes a value of 0.9 (high
buy competition). Importantly, the HHI also measures the intensity of competition for
asymmetric equilibria. For instance, if one fund buys a large number of shares (say 10,000)
and nine funds buy a small number of shares (say 100 each), then the HHI is close to one
and the first term is small (low competition). The second term on the right-hand side
of Equation (C1) scales this competition measure by the fraction of all transactions that
correspond to purchases instead of sales. Thus, if there are ten funds buying a small number
of shares (10 shares each) and two funds selling a much larger number of shares (10,000

each), then the competition to buy is small relative to the competition to sell. Similarly, we

23The HHI of concentration is a popular measure of competition among firms; see, for instance, Rhoades
(1993). In a mutual-fund context, Feldman et al. (2020) use the HHI of assets under management to measure
competition.
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estimate the competition to sell stock n at quarter ¢ as

2
j Sitn Zj Sjtn

(1 - (Zj Sjtn)2> . Zj (bjtn + Sjtn)

SellComp,,, = (C2)

We then aggregate the competition measures at the characteristic level. Competition
to buy a characteristic means that there is competition to buy the stocks in its long leg
and sell the stocks in its short leg. Thus, we define the kth characteristic buy competition
measure as the value-weighted buy competition of the stocks in its long leg plus the value-
weighted sell competition of the stocks in its short leg:

N
BuyComp,,, = Z ([#ken]t x BuyCompy,, + [4en)~ x SellCompy,,),

n=1
where xp, is the weight of the kth characteristic portfolio in stock n in quarter ¢ and
BuyComp,,, and SellComp,,, are the buy and sell competition measures of stock n in quarter
t, respectively. Finally, in Section C.3.4 we show that our analysis is robust to constructing

competition measures based only on the first of the two terms in (C1) and (C2).

C.2 Regression results

We estimate a pooled regression that measures trading diversification across all pairwise
combinations of the 18 characteristics listed in Table 1. In particular, we regress the quarterly
returns of each characteristic on contemporaneous and past values of competition to buy the

same characteristic and competition to buy a second characteristic:
Tkt = agBuyCompy, ; + a;BuyCompy, ;1 + ... + a;2BuyCompy, ;15
+ bOBuyCompk%t + blBuyCompkw_1 +...+ I)lgBuy(]orrlp,%t_l2

+ Controlsg, + + g, +, (C3)

where 7y, ¢ is the return of characteristic ki in quarter ¢, BuyComp,, , and BuyComp,, ,
are the measures of competition to buy characteristics k; and ko in quarter ¢, respectively,
and the Controlsy, ; include past returns for characteristic k; up to 12 lags and character-
istic fixed effects. The slope coefficients ag and by measure the contemporaneous return
response of characteristic k; to a unit increase in competition to buy characteristics k; and

ko, respectively, and a; and b; measure the return response after ¢ quarters.
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Table C.1: Regression slope coefficients

This table reports slope coefficients and t-statistics of the pooled regression model defined in Equation (C3)
considering all pairwise combinations of the 18 characteristics listed in Table 1.

Slope  t-stat Slope  t-stat

ap 0399 55.684 by —0.070—-10.738
a; —0.110 -14.314 b; —0.000 —0.018
ay —0.057 —6.677 bo 0.001  0.168
ag —0.099 —11.216 b3 0.003  0.487
ay —0.049 —6.223 by,  0.008 1.164
as; 0.031 4.152 b; —-0.008 —1.239
ag —0.028 —3.753 bg 0.008  1.212
a; 0011 1.632 by 0.012 1.791
ag  0.029 3.657 bg —0.012 —1.820
ag  0.011  1.713 b 0.008  1.261
aip 0.018  2.795 by 0.005  0.821
a;; —0.086 —12.911 b, 0.019  3.107
a1z —0.068 —11.843 b2 0.026  5.172

Table C.1 reports the slope coefficients and t-statistics for the pooled regression model.
We observe that the contemporaneous return response of characteristic k; to a unit increase
in competition to buy characteristics k; and ks is statistically significant; that is, the t-
statistics for ay and by are significant.?* To interpret the results from the panel regressions,
see Figure C.1, in which the solid blue line depicts the cumulative return response of char-
acteristic k; to a unit increase in competition to buy just that characteristic and the dashed
red line to a simultaneous unit increase in competition to buy both that characteristic and
a second characteristic ko. Specifically, for each quarter ¢ on the horizontal axis, the solid

blue line depicts > 7 ;a; and the dashed red line depicts Y ¢, (a; + b;).

We highlight two findings from Figure C.1. First, the solid blue line shows that char-
acteristic k; experiences a 40% return contemporaneously with a unit increase in competition
to buy just that characteristic, but its cumulative return reverts completely over time. This

return reversal shows that characteristics that experience high buy competition suffer large

24In addition, the t-statistic for the slope corresponding to the first four lagged measures of competition to
buy the first characteristic are also significant. Not surprisingly, the slope coefficients for the lagged measures
of competition to buy the second characteristic are less significant than those for the first characteristic,
because competition to buy the second characteristic affects the returns of the first characteristic only
indirectly via trading diversification.
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Figure C.1: Cumulative return response to buy competition in two characteristics

This figure depicts the cumulative return response of characteristic k; to a unit increase in competition to
buy just that characteristic (solid blue line) and to a simultaneous unit increase in competition to buy both
that characteristic and a different characteristic ko (dashed red line). The horizontal axis gives the time
in quarters and the vertical axis depicts the cumulative return response. The pooled regression defined in
Equation (C3) considers all pairwise combinations of the 18 characteristics listed in Table 1.
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price-impact costs, and thus, provides support for the first prediction of our model that

crowding erodes profits because of price-impact costs.

Second, comparing the dashed red line to the solid blue line in Figure C.1, we find
that the return reversal experienced by characteristic k£ after a simultaneous increase in
competition to buy both characteristics k1 and ks is significantly smaller than that after an
increase in competition to buy just characteristic k. In particular, the contemporaneous
return response of characteristic k1 to a unit increase in competition to buy both character-
istics ky and ks (given by ag + bo) is 17.5% smaller than that associated with a unit increase
in competition to buy just characteristic k; (given by ag). Moreover, the difference between
these two contemporaneous returns, the slope coefficient by, is highly statistically significant
with a t-stat of —10.738 as shown in Table C.1. This result provides support for the second
prediction of our model that investors exploiting a characteristic experience smaller price-
impact costs when there are investors competing to exploit a different characteristic at the

same time.

Several findings in the existing literature provide additional support for the predic-
tions of our game-theoretic model. For instance, our first prediction is supported by Lou and
Polk (2022) and Hoberg et al. (2020) in the context of the momentum characteristic. Lou and
Polk (2022) propose a novel comomentum measure of arbitrage activity and find that when

“comomentum is high, the returns on momentum stocks strongly revert, reflecting prior over-
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reaction from crowded momentum trading which pushes prices away from fundamentals.”
Figure 3 in Lou and Polk (2022) shows that momentum stocks with high comomentum have
smaller returns than those with low comomentum and that their returns revert strongly after
just six months. Hoberg et al. (2020) show that momentum produces abnormal returns only
when the momentum portfolio is constructed from stocks held by funds that do not face

intense competition.

The second prediction of our game-theoretic model is also supported by the literature
on fund herding (Wermers, 1999; Dasgupta, Prat, and Verardo, 2011), which shows that
the magnitude or sign of the aggregate trade of institutional investors in a particular stock
predicts the stock’s short-term returns. Importantly, these papers rely on the aggregate
net trade (purchases minus sales) to explain subsequent returns, and thus take into account

trading diversification.

C.3 Robustness checks

This section checks the robustness of our empirical findings using mutual-fund data to con-
sidering two subsamples covering the first and second half of our dataset, controlling for
flow-induced trading (FIT) in our regression analysis, constructing competition measures
based on the nondiscretionary trades of mutual funds captured by FIT, constructing com-
petition measures based only on purchase and sale concentration, and considering build-up
(divergent) and resolve (converngent) characteristics separately. Our findings are summa-

rized in Table C.2.

C.3.1 Subsample analysis

We first study the robustness of our empirical analysis based on mutual-fund data to consid-
ering two subsamples covering the first and second half of our overall sample. The second and
third rows of Table C.2 show that the findings from regression (C3) are robust: the contem-
poraneous return response of characteristic k1 to a simultaneous unit increase in competition
to buy both characteristics k; and ks is smaller (for both subsamples) than that to a unit
increase of competition to buy only characteristic k;. Specifically, it is around 15% smaller
for the first subsample and 9% smaller for the second subsample, with the difference being

statistically significant for both subsamples (t-stat of by greater than two).

46



Table C.2: Robustness checks for pooled regression (C3)

For each robustness check, each row of this table reports the results for the pooled regression (C3) of the
return of characteristic k; on contemporaneous and past values of buy competition for characteristics k; and
ko. The first column lists the particular robustness check, the second column reports the contemporaneous
return of characteristic k; in response to a unit increase in buy competition for characteristic k; (the slope
coefficient agp), the third column reports the contemporaneous return of characteristic k1 in response to
a simultaneous unit increase in buy competition for both characteristics k1 and ks (the sum of the slope
coefficients ag + bg), the fourth column reports the percentage reduction in the contemporaneous return of
characteristic k; from having a unit increase in competition for both characteristics k; and ks compared
to having only a unit increase in buy competition for characteristic k; (the effect of trading diversification
—bo/ap), and the fifth column reports the t-statistic for the slope coefficient by, which measures the effect of
trading diversification between characteristics k1 and k.

Contemp. return ~ Contemp. return ~ Reduction

Robustness check buy k1, (%) buy k1 and ko, (%) (%) t-stat
Base case 39.865 32.878 17.527 -10.738
First subsample 32.236 27.426 14.921 -7.046
Second subsample 35.050 31.741 9.441 -3.570
Controlling FIT 32.931 27.132 17.610 -9.370
Nondiscretionary comp. 32.547 28.802 11.506 -5.278
HHI comp. 15.256 9.966 34.675 -6.287
Build-up char. 44.550 37.211 16.474 -2.650
Resolve char. 56.524 46.758 17.278 -3.213

C.3.2 Controlling for flow-induced trading (FIT)

We now show that the findings from the analysis of mutual-fund holdings are robust to
controlling for the characteristic-level FIT measure considered by Huang et al. (2021) and
Li (2021). In particular, we re-estimate the pooled regression (C3) after controlling for

contemporaneous and lagged values of characteristic FIT up to 12 quarters.

The fourth row of Table C.2 shows that the findings from regression (C3) are robust
to controlling for characteristic FIT: the contemporaneous return response of characteristic
k1 to a simultaneous unit increase of competition to buy both characteristics ki and ks is
17.6% smaller than that to a unit increase in competition to buy only characteristic k; even

after controlling for FIT, with the difference being statistically significant.

C.3.3 Nondiscretionary trading competition

The analysis in Section C.2 relies on measures of buy and sell competition derived from

the total rebalancing trades of mutual funds, which capture competition in terms of the
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combination of both nondiscretionary and discretionary trades. We now study whether our
results are robust to considering measures of competition obtained using only the nondiscre-
tionary trades of mutual funds, captured by the flow-induced trading (FIT) of Lou (2012).

In particular, we define measures of nondiscretionary buy competition as

Zj g?tn ) % Zj gjtn
(Zj bjtn)2 Zj(bjtn + gjtn)

BuyComp,, = (1 — (C4)

where gjtn = [hjt—10 X Flow;]", Sjin = [hj1—1, X Flow;]™, hj, is the number of shares of
stock n held by fund j in quarter ¢, and Flow;; is the capital flow into fund j in quarter ¢,
as defined by Lou (2012). The measure of nondiscretionary sell competition among mutual
funds is defined similarly. We also aggregate the nondiscretionary BuyComp and SellComp
measures to the characteristic level, as in Section C.1. We then repeat regression (C3), but

using nondiscretionary competition measures instead of total competition measures.

The fifth row of Table C.2 shows that the findings from regression (C3) are robust to
considering nondiscretionary competition measures: the contemporaneous return response of
characteristic k; to a simultaneous unit increase in competition to buy both characteristics k;
and ko is 11.5% smaller than that to a unit increase in competition to buy only characteristic

ky, with the difference being statistically significant.

C.3.4 Herfindahl-Hirschman-index (HHI) competition

The analysis in Section C.2 relies on measures of buy and sell competition given in Equa-
tions (C1) and (C2), respectively, which are the product of two terms. The first term is
equal to one minus the HHI index, which captures the purchase or sale concentration, and
the second term is the fraction of shares purchased or sold. In this section we study the
robustness of our results to defining buy and sell competition measures based only on the

first of these two terms; that is, based only on trade concentration:

BuyComp,,, = (1 — Z]—b]?m> and SellComp,, = <1 — ﬁ)
" (ZJ bjin)? " (Z] Sjtn)?
S—— ——
corf(%fthrzbgon concesr%clfation

The sixth row of Table C.2 shows that the findings from regression (C3) are robust to
considering competition measures based only on trade concentration: the contemporaneous

return response of characteristic k; to a simultfgneous unit increase in competition to buy both



characteristics k; and ks is about 34.7% smaller than that to a unit increase in competition

to only buy characteristic ki, with the difference being statistically significant.

C.3.5 Divergent versus convergent characteristics

van Binsbergen, Boons, Opp, and Tamoni (2021) classify characteristics as build-up (diver-
gent) characteristics, whose returns exacerbate mispricing, and resolve (convergent) charac-
teristics, whose returns alleviate mispricing. Although our focus is on how competition in
the presence of trading diversification affects the profitability of factor-investing strategies,
and thus, we are interested in characteristic net returns rather than characteristic mispricing,
we now test the robustness of our results to considering build-up versus resolve characteris-
tics. To do this, we split our characteristics into build-up and resolve groups based on the
classification provided in Table 1 of van Binsbergen et al. (2021). Thus, our set of build-up
characteristics contains {gma, mom12m, pchgm_pchsale, retvol, std_turn}, and our set of

resolve characteristics contains {bm, bm_ia, mve, agr, beta}.

The last two rows of Table C.2 show that the findings from regression (C3) are robust
to considering build-up and resolve characteristics separately. In particular, we find that
the contemporaneous return response of characteristic k; to a simultaneous unit increase in
competition to buy both characteristics k; and ks is about 16.5% and 17.3% smaller than that
to a unit increase in competition to only buy characteristic k;, for the cases with build-up
and resolve characteristics, respectively, with the differences being statistically significant for

both cases.

In unreported results, we also find that the overall shape of the return reversal over
time for build-up and resolve characteristics is quite similar to that for the entire group of
characteristics depicted in Figure C.1. This suggests that the characteristic return reversals

that we document capture temporary price-impact costs.
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D Proofs for all results

In this appendix we provide the proofs for all the results in the main body of the manuscript.

Proof of Proposition 3.1

For the case where the nth stock price-impact parameter is independently distributed from

the rebalancing trades, the price-impact diversification ratio simplifies to

ISk ]
Z?:l E “jktN}Ha]

price-impact diversification ratio = (D1)

Below, we characterize the expectation in the numerator and denominator on the right-hand

side of Equation (D1) for o > —1. Let

~ew 2 :
Tkin

be the trade in the nth stock required to rebalance an equally weighted portfolio of the
K characteristics. Because Ty, for k = 1,2,..., K are jointly distributed as a multivariate
Normal distribution with zero mean and covariance matrix €2, we have that z{? is distributed

o : : K K
as a Normal distribution with zero mean and variance 7, 0 + >, D) PHOKOL.

We need to characterize E[|7¢°|'T*]. Because 7¢¥ is distributed as a Normal distri-

bution with zero mean, we have that E[|7¢“|**] is the central moment of order 1 + a of a

Normal random variable. Winkelbauer (2012) shows that for a > —1

1+
2

E[|zev 1+a] = F<?) x M % (Z o+ ZZPM%@) ) (D2)

k=1 £k

where I'(.) is the Gamma function; see Winkelbauer (2012, p. 1). Similarly, we have that

(52)

El|Zrm| T = x 21T 5 glte, (D3)

Taking the ratio of (D2) to the summation of (D3) for k= 1,2,..., K, we obtain

1+«

K K 2
(Zk:l O+ 2 Zl# Pkl%@)

Zk: 1 Ul?a

price-impact diversification ratio = (D4)
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For the case with o7 = o2 for all k and py, = p for all k # [, we have that

1+«

[K(1+ (K —1)p)] *

- , (D3)

price-impact diversification ratio =

where the term K (1 + (K — 1)p) is strictly positive because €2 is positive definite. Finally,
the value of p, which is defined in (12), follows using straightforward algebra.

Proof of Proposition 4.1

Proposition B.1 in Appendix B proves the more general result when Assumption 4.1(3) does
not hold; that is, when the mean return of the second characteristic is nonzero. Therefore,

Proposition 4.1 follows by simply setting ps = 0 in Equations (B5) and (B6).

Proof of Proposition 4.2

Proposition B.2 in Appendix B proves the more general result when Assumption 4.1(3) does
not hold; that is, when the mean return of the second characteristic is nonzero. Therefore,

Proposition 4.2 follows by simply setting ps = 0 in Equations (B8) and (B9).

Proof of Proposition 4.3

Note that the decision problems of the ith investor in the first characteristic in the absence
and presence of investors in the second characteristic are identical for the case with A5 =
0. Therefore, the equilibrium investment position, profit, and price-impact cost of the ith
investor in the first characteristic in the absence of investors in the second characteristic are

obtained by setting A2 = 0 in Equations (16)—(19) of Proposition 4.2.

The monotonicity results follow from Equations (21) and (22) by noting that I /(11 +
1) is increasing and I, /(I; + 1)? is decreasing in I; for all I; > 1, and that the limits when
I, goes to infinity of I /(I; + 1) and I;/(I; + 1)* are one and zero, respectively.

Proof of Proposition 4.4

To obtain the capacity of the first characteristic, we first determine the best response of the

investors in the second characteristic to a given aggregate investment position in the first
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characteristic 614. From Equation (15), the decision problem of the ith investor in the second

characteristic is

min Gy Aa(09; + 6o ;) + O2;\12014,

02

where 0y _; = i 02,7 1s the aggregate investment position of investors in the second char-
acteristic other than the ith investor. Thus, the first-order optimality condition for the ith

investor in the second characteristic is

2X009; + Aolby i = —A12014.

It follows from the proofs of Propositions 4.2 and B.2 that the equilibrium among investors
in the second characteristic is symmetric, and thus we can rewrite the first-order optimality

conditions as

(I3 + 1)Aob9; = — 12614,

and therefore the aggregate best response of the investors in the second characteristic is

L Mo
L1

Org = — 014, (D6)

The capacity of the first characteristic is the aggregate investment position in the first char-

acteristic for which its aggregate profits are zero, which must satisfy the following equation:

01aM1014 + 014M12024 — 014111 = 0.

We can simplify this equation by removing the trivial root 64 = 0 to obtain

AM01g + A2boq — p1 = 0.

Plugging (D6) into this equation we obtain that the capacity of the first characteristic is

H1
L My
1 Io+1 X2

014 =
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Proof of Proposition 4.5

Part 1. The partial derivative of the aggregate investment position in the first characteristic

with respect to I, is

aeld _ 6(1191id) —7J aelid
812 812 ! a]2

)\2/14 ((]1 + 1)(]2 + 1)/\1)\2 — 11]2)\%2> — (IQ + 1))\2/14 ((]1 + 1))\1)\2 - ]1)\%2>

= [1 5
(1 + (L + DA = LiRAL, )
((11 F 1) (s + DA — MQA%Q) —(L+1) ((11 F DM — 11A%2>
= I Aoy 2 )
((11 F1) (s + DA — Jlmgz)
LA
= L A 12 5 >0,

(1 + DL+ DA = LA, )

where the last inequality follows from the fact that the denominator of the fraction is strictly

positive because of Lemma B.2 in Appendix B.

Part 2. The result follows from Part 1 and the expression for the profit of the ith investor
exploiting the kth characteristic given in Equation (18).

Part 3. From Proposition 4.2 we have that the price-impact cost of the i¢th investor ex-
ploiting the first characteristic is (14 = p1610 — A16%;,. Therefore, the price impact from
exploiting the first characteristic is

Clid/‘glid = p1 — Aibia-

The result follows because Part 1 shows that #y;4 is increasing in Is.

Part 4. The partial derivative of the aggregate investment position in the second charac-

teristic with respect to Is is

O(02q)  O(I2b2ia) 9(62ia)
oL, o, ~ O2iq + 1o ol (D7)
N . (]1 + 1))\1)\2 — ]1)\%2 <0 (D8)
% (L+ DEENN = 1A, )

where the inequality in (D8) holds because 65,4 < 0 by Proposition 4.2 and the ratio inside the
parenthesis is strictly smaller than one because of Lemma B.2 and the fact that (I,41)/1; > 1
for finite I5.
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Part 5. The partial derivative of the aggregate profit from the second characteristic with

respect to I is

3(127T2¢d) aﬂmd

g+ 1 DY
o, et (D9)
00,;
= Toiq + 1222034 8;; (D10)
I+ DX — L0
B [(Ii + 1) Ai Ao — DN I Ao (D11)

([ + 1) (L2 + D)A A — 11 M3)?

1 _ 2
= M2, 1-2 (7 + I)AfA? LA (D12)
(I + 1)2EA N, — LAY

It suffices to show that the content of the parenthesis on the right-hand side of (D12) is
negative, which holds if and only if

I, +1

2

(Il + ].) )\1)\2 — Il/\%z < 2(]1 + 1))\1)\2 — 2]1)\%2

IL+1

2

(Il + 1) )\1)\2 < 2([1 + 1))\1)\2 — Il)\%Q

(I + 1) (I + DAy < 2(10 + 1) oA\ Ay — LA,
(Il + 1))\1)\2 < (Il + ].)[2)\1)\2 — .[1]2/\%2,

which holds if and only if

(11 + DA Ae
(I + DA e — 102,

I >

To see that the aggregate profit of the investors exploiting the second characteristic

converges to zero as I, goes to infinity, note that

2
Toq = LoToiq = IoNa05;,.

Then, it suffices to note that Equation (17) in Proposition 4.2 shows that the denominator

of 054 grows linearly in I, and thus, the denominator of 63,; grows quadratically in I,.

Proof of Proposition 4.6

Part 1. To show that the investment position in the first characteristic in the decentralized

setting with Iy = 1 is smaller than that of the centralized setting, we need to prove the

o4



following inequality:

2Xapt1 Aafiy
< )
4X Ny — )\%2 2(A g — )\%2)

vV Vv
014 01c

(D13)

where the expression for the investment position in the first characteristic in the centralized
setting, 6., is obtained by setting the average return of the second characteristic equal to

zero (u = 0) in Equation (B13) of Proposition B.3 of Appendix B. Simplifying we have

1 1
< .
Ade — A2, A, — 402,

By Lemma B.2, we know that the denominators of both the right- and left-hand sides of the
inequality are strictly positive. Also, the denominator of the right-hand side term is smaller
and thus (D13) holds.

Part 2. We now prove that the investment position in the second characteristic in the
decentralized setting with I; = 1 is negative but higher than that in the centralized setting.

Therefore, we prove the following inequalities:

—/\12,u1 _)\12/11
4)\1)\2 - )\%2 2()\1)‘2 - )‘%2),

024 02c

0>

(D14)

where the expression for the investment position in the second characteristic in the centralized
setting, 0y, is obtained by setting the average return of the second characteristic equal to
zero (po = 0) in Equation (B14) of Proposition B.3. Note that the numerators of #y; and
05 are identical and negative, whereas the denominators of 65, and 6s. are strictly positive
by Lemma B.2. However, the denominator of 6, is larger than that of 6,., and thus, 0 is

smaller in absolute value than 05,.

Part 3. From Equation (B16) in Proposition B.3, we know that the profits from the second
characteristic in the centralized setting are zero for the case where Assumption 4.1(3) holds;
that is, uo = 0. Moreover, Part 2 above and Equation (18) imply that the profits from the

second characteristic in the decentralized setting are strictly positive.

Part 4. The total profits in the decentralized setting have to be smaller than those in
the centralized setting because by Proposition B.3 we know that the optimal investment

positions in the centralized setting are the unique maximizer to the total profit function.
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Because we know from Part 3 that profits from the second characteristic are smaller
in the centralized setting, and we have just shown that total profits are higher in the cen-
tralized setting, then we must have that profits from the first characteristic are larger in the

centralized setting.

Proof of Lemma B.1

For the case with linear price impact given in Assumption 4.1(1), we have that o = 1, and

thus the price-impact at time ¢ defined in Equation (2) becomes

PIt = AtAU}t, (D].5)

where the aggregate amount of trading is

2 Iy
Awy = " Awg, (D16)

k=1 i=1

in which Awy;; contains the portfolio-rebalancing trades for the ith investor in the kth

characteristic:

Awyiy = wkit(eki) - w;;-t(@ki), (D17)

w; (Or;) is the portfolio of the ith investor in the kth characteristic before trading at time ¢:

wi, (Oki) = Opi Thp—10 (€4 11), (D18)

e is the N-dimensional vector of ones, and x o y is the componentwise (Hadamard) product

of z and y. The price-impact cost at time ¢ of the ith investor in the kth characteristic is:

PICkzt == AwkitPIt .

The lemma follows from straightforward algebra.

Proof of Lemma B.2

We first show the result for the empirically relevant case where there is a discrete joint
probability distribution for the rebalancing-trade vectors, z1; and Zo;, and the price-impact
matrix, A;. By concatenating the rebalancing trades Z; and 75, and the matrices A; for all

realizations of the discrete distribution into panel vectors and matrices, it is straightforward
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to show that \; and Ay are squared norms of certain vectors and iy is the scalar product of
these same vectors. Therefore, it follows from the triangular inequality for norms that A%, <
A1 2. Moreover, unless the rebalancing trades of the two characteristics are identical for every
stock and every realization up to a change of scale, we have that the triangular inequality
holds strictly )\%2 < AAg. For the case where there is a continuous joint distribution for
the rebalancing-trade vectors and the price-impact matrix, the result can be shown under
mild assumptions by discretizing the continuous distribution and taking the limit when the

granularity of the discretization goes to zero.

Proof of Proposition B.2

Part 1. By Lemma B.2 we know that Ay > 0 for £ = 1,2 and thus, the decision problem of
the ith investor in the kth characteristic is strictly concave. Therefore, there exists a unique
global maximizer to the decision problem of the ith investor in the kth characteristic and it

is given by the solution to the first-order optimality conditions:

I

2)\1911‘ + )\191,_1‘ + )\12 Z 02j = U1, and (Dlg)
j=1
I

2)\2921‘ + )\202,_2‘ + )\12 Z Qlj = Ua. (DQO)
j=1

Therefore, the investment positions 01,4 and 6,;4 are a Nash equilibrium if and only
if they satisfy the first-order optimality conditions of the investors in the first and second

characteristics; that is, if they satisfy the following system of linear equations:

20 A - A A2 A o Agg 0114 J%51

Al20 o A Az Az o A 0124 M1

AlA e 20 Az Az o Age 9111d _ M1 (D21)
Az A2 o0 A2 22 A - A 0214 2 '

A2 A2 o0 A2 A 2Xg - X 0224 2

A2 A2 0 A2 A A e 2 01,4 2

We now prove that there is a unique Nash equilibrium by showing that the matrix on

the left hand side of (D21) is nonsingular. Assume by contradiction that there is a nonzero
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vector of A1;’s and fy;’s that satisfies the following:

20 A o AL A2 A s A 011 0
At2M o A A2 Az o A 012 0
AtAL e 20 Az A o A 011 0

! = . D22
Mo M o A 2% A o A || 0 0 (D22)
A2 A2 o0 Az A 2Xg e A 022 0
A2 A2 o0 A A A e 2) Oar1, 0

Then, any solution to (D22) must satisfy the first I; equations in (D22), which can be

rewritten as

241 A - N 011

Aoo2N A 6 Iz
.1 . ' . .1 .12 = —A12 Z Bae, (D23)
. . . . . i—1

AoA e 20 01,

where e is the [;-dimensional vector of ones. The matrix on the left-hand side of (D23) is
nonsingular because by Lemma B.2 we know that A\; > 0. Moreover, this matrix is sym-
metric with respect to the I; investors in the first characteristic. Therefore, any solution to
Equation (D23) must be symmetric with respect to the I; investors in the first character-

istic; that is, 6y; = 60, for i = 1, 2, ..., ;. Consequently Equation (D22) can be rewritten

as
(L+1)A A2 A2 o+ A 01 0
]1)\12 2)\2 )\2 s )\2 021 0
Lo Ao 22X -0 A 022 -1 0 1. (D24)

Using similar arguments as above, it is straightforward to show that any solution to Equa-
tion (D24) must be symmetric with respect to the I, investors in the second characteristic;

that is, Oog = 0 for i = 1, 2,..., I. Thus, we can express (D22) as follows

(]1 + 1))\1 IQ)\lQ 01 0
= . D25
( ]1)\12 (_[2 + 1))\2 92 0 ( )
The matrix on the left-hand side of (D25) is nonsingular for any /; and I, different from zero

because its determinant is (I; + 1)(I5 + 1)A\; Ay — [ [5A3,, which is nonzero by Lemma B.2.
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Consequently, there is a unique Nash equilibrium given by the unique solution to the linear

system of equations in (D21).

Part 2. By arguments similar to those in Part 1, any solution to (D21) must be symmetric
with respect to the I; investors in the first characteristic and with respect to the I, investors

in the second characteristic; that is, Oy;qy = Opg for i =1,2,..., I and k =1, 2.

Part 3. Therefore, the unique equilibrium is the solution to the following system of two

linear equations with two variables

(i e Y ()= (). .

The above system of two equations can be solved by premultiplying the vector of charac-

teristic means by the inverse of the left-hand side matrix. This gives the following optimal

solutions:
00— (I + 1) Aopy — IoAiopo
! (Il+1)(12+1))\1)\2—]1]2/\%2’
0. (I + D)X — [idiopn
L A1) (I 4 DAgde — 11N,

Part 4. The profit of the ith investor in the kth characteristic is her expected return
net of price impact multiplied by her investment position. Therefore, it suffices to show
that the expected return net of price impact of the ith investor in the kth characteristic
is firig = MeOriga- The expected return net of price impact of the ith investor in the first
characteristic is

faia = p1 — AM1101ia — Aial202i4.
Now, using the ¢th investor’s first-order conditions, we have that:

0= p1 — A (L1 + 1)01:0 — A2l20944.

Therefore, substituting the last equation into the expression for ji1;4, we obtain ji1;g = A\16144-

The result for the ¢th investor in the second characteristic is obtained similarly.

Part 5. The result holds because the investor’s price-impact cost is the difference between

the investor’s gross return (u01;4) and the investor’s profit (A\6%,,) given in Part 4.

Part 6. The result follows from Part 5 by noting that the price impact experienced by the
1th investor exploiting the kth characteristic is equal to her price-impact cost divided by her

investment position.
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Proof of Proposition B.3

Part 1. The decision in the centralized setting is given in (B7). By Lemma B.2 we have that
A A2 > A2, and therefore the decision problem in the centralized setting is strictly concave

and there exists a unique maximizer.

Parts 2, 3, and 4. The unique maximizer is given by the first-order optimality conditions

for the single investor in the centralized setting:

20 2Xq9 01c 451
— ) D27
< 2M12 2 > ( Bac ) ( f2 ) (D27)

The result then follows from straightforward algebra.
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Internet Appendix to

Can Competition Increase Profits
in Factor Investing?



This Internet Appendix contains several robustness checks. Section IA.1 checks the robust-
ness of our theoretical findings to considering risk-averse investors. Section IA.2 checks the
robustness of our empirical results regarding trading diversification to considering two sub-
samples of the data. Section IA.3 checks the robustness of the empirical calibration of the
game-theoretic model to considering three different pairs of characteristics: (i) “book to
market” and “gross profitability,” (ii) “momentum” and “gross profitability,” and (iii) “mo-
mentum” and “book to market.” Section IA.4 checks the robustness of our findings to
considering persistent price-impact costs.

IA.1 Game-theoretic model with risk-averse investors

In the main body of the manuscript, we consider risk-neutral investors. We now extend
the model to consider risk-averse investors. We assume that the investors’ absolute risk-
aversion parameters in the decentralized setting increase with the number of competitors.
In particular, we assume that the absolute risk-aversion parameters of the investors in the
first and second characteristics are y; = (I; + 1)/(27,) and v, = (I3 + 1)/(27,), respectively,
where I; and [y are the number of investors exploiting the first and second characteristics,
respectively, and 7, and 7, are constants. This assumption greatly simplifies the analysis,
but it is also reasonable because each investor makes a smaller investment as the number of
competitors increases, and hence the investor’s absolute risk aversion must increase with the

number of competitors.

The ith investor in the first characteristic chooses her investment position 6; to

optimize her mean-variance utility net of price-impact costs

1P
7
n;ax 912‘/11 - ?911'0-%011' - 91@')\1<011‘ + 91,—i) — 0112 Z 92j7 (IAl)
17

j=1
where 0? is the variance of the first characteristic return. Similarly, the decision problem of
the 7th investor in the second characteristic is

Iy

max 92@#2 - 292103921' - 921')\2(021' + 92,—1') — 0912 Z 91;‘7 (IAZ)
02; 2 o

where 03 is the variance of the second characteristic return. Using similar arguments to
those in the proofs of Propositions B.2 and B.3, the equilibrium is symmetric and thus the

optimality condition of the ith investor in the first characteristic can be written as

’}/10'%911' + (]1 + 1))\1011 + IQ)\lQQQj — U1 = 0, (IA3)
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which can be rewriten as

(I +1) (%af + )\1) 01; + Iy\1909; — 11 = 0. (IA4)
Similarly, the optimality condition for the ith investor in the second characteristic is

(L +1) (%ag + )\2) O + T Aab; — 1o = 0. (TA5)

From these optimality conditions, it is straightforward to show that the equilibrium quanti-
ties in the case with risk-averse investors are those given in Propositions B.2 and B.3 after
replacing the transaction cost parameters \; and \y with Xl = %10% + A and Xz = Z_QUS + Ao,
respectively. Therefore, the results in the main body of the manuscript continue to hold for

the case with risk-averse investors.

IA.2 Trading diversification with a single investor:
subsample analysis

We now study the robustness of our empirical findings regarding the effect of trading diver-
sification to considering two subsamples covering the first and second half of our dataset.
Table 2 in the main body of the manuscript shows that trading diversification leads to an
increase in total capacity of 45%, total investment of 43%, and profit of 22%. Tables IA.1
and [A.2 report the results for the first and second halves of our sample, respectively. We
observe that our results are robust to considering these subsamples. In particular, trading
diversification in the first half of the sample leads to an increase in total capacity of 51%,
total investment of 54%, and profit of 54%, and in the second half of the sample to an in-
crease in total capacity of 40%, total investment of 39%, and profit of 19%. Thus, for both

subsamples trading diversification has a substantial effect on the equilibrium quantities.?

Comparing the benefits of trading diversification for the two subsamples, we observe
that they are slightly larger for the first subsample. The reason for this is that stock-
trading volumes are relatively smaller for the first subsample, and thus the price-impact
costs given by Equation (13) are more important in the first subsample.?6 Nonetheless,
trading diversification remains important also in the second subsample causing capacity and
investment to increase by around 40% and profit to increase by almost a fifth.

25Note that when considering the 18 characteristics in combination in the second subsample, it is optimal
to assign a negative weight of —$0.687 billion to the “chatoia” characteristic. Although this negative weight
on “chatoia” makes a negative contribution to profit of —$0.48 million, it is more than compensated by the
reduction in the price-impact costs of the other characteristics, and thus, increase in their profit contribution,
because of trading diversification.

26Note that although we report capacity, investment, and profits in terms of market capitalization at the
end of our full sample (December 2018), daily trading volumes have grown faster than market capitalization
in our sample. For instance, the median stock daily trading volume has grown by a factor of 48.49 in our
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IA.3 Empirical calibration of game-theoretic model

In Section 4.5, we calibrate the game-theoretic model for the case with “investment (asset
growth)” as the first characteristic and “gross profitability” as the second. We now study the
robustness of our main findings to considering instead the following three different pairs of
characteristics: (i) “book to market” and “gross profitability,” (ii) “momentum” and “gross

profitability,” and (iii) “momentum” and “book to market.”

Figures TA.1 and IA.2 depict the investment position and profits for the case with
“book to market” as the first characteristic and “gross profitability” as the second. The
figures show that our main findings are robust. Figure [A.1 shows that an increase in
competition to exploit “book to market” erodes its profits. Figure IA.2 shows that an
increase in competition to exploit “gross profitability” increases the optimal investment
position and profits from “book to market” because of the positive externality generated
by trading diversification across the two characteristics.

Figures TA.3 and [A.4 depict the investment position and profits for the case with
“momentum” as the first characteristic and “gross profitability” as the second. Consistent
with the results in Table 2, Figures IA.3 and [A.4 show that the optimal investment positions
in the momentum characteristic are below $1 billion. Nonetheless, the figures show that
our main findings are again robust. Figure IA.3 shows that an increase in competition to
exploit “momentum” erodes its profits. Figure IA.4 shows that an increase in competition
to exploit “gross profitability” increases the optimal investment position and profits from
“momentum” because of the positive externality generated by trading diversification across
the two characteristics.

Finally, Figure TA.5 depicts the investment position and profits for the case with
“momentum” as the first characteristic and “book to market” as the second. The figure
shows again that an increase in competition to exploit “book to market” increases the op-
timal investment position and profits from “momentum” because of the positive externality

generated by trading diversification across the two characteristics.

IA.4 Persistent price-impact costs

In the main body of the manuscript, we consider the case where trading a characteristic
exerts only temporary price impact, which is the case considered in the empirical literature
on the capacity of quantitative strategies (Korajczyk and Sadka, 2004; Lesmond et al., 2004;

sample, whereas the median stock market capitalization has grown by a factor of 37.95. As a result, even
though quantities are reported in terms of market capitalization at the end of our full sample, price-impact
costs are relatively more important in the first subsample.
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Novy-Marx and Velikov, 2016; Ratcliffe et al., 2017; Frazzini et al., 2018). If a characteristic
reflects compensation for risk, then trading the characteristic will exert mainly temporary
price impact, but if it reflects mispricing, then trading it may exert both temporary and
permanent price impact. In this section, we extend our game-theoretic model presented
in Section 4 to account for persistent price-impact costs, which include as particular cases
both permanent and temporary price-impact costs. We show that our findings are robust to
considering the more general case with persistent price-impact costs.

We consider the model of persistent price impact by Garleanu and Pedersen (2013),
but stated in terms of return distortions instead of price distortions. Like Garleanu and
Pedersen (2013), we assume that the amount traded has a linear effect on prices. In addition,

we assume the following dynamics for the persistent posttrade return distortion:
dt+1 = (]N — (I)) (dt + CAUJt) 5 (IAG)

where d; is the persistent return distortion at time ¢, C' is the persistent price-impact cost
matrix, Aw, is the aggregate trade vector defined in (4), ® is a diagonal matrix of mean-
reversion parameters that determines how fast persistent return distortions revert to zero,
and Iy is the N-dimensional identity matrix. For instance, when ® = 0, persistent return
distortions do not mean revert, and thus they reflect permanent price impact, but when
® = [y then return distortions revert in a single period, and thus they reflect temporary

price impact. The expected return due to posttrade persistent return distortion is:
pl, ==& (d; + CAwy). (IAT)

Applying (IA6) recursively to (IA7), we can rewrite the expected return due to posttrade
persistent return distortion at time ¢ + 1 as:

t—2
ply = =0 (I — @) CAw,_,. (IA8)
7=0
Now, using the definition of Awy; in (4) for the case with K = 2 characteristics, we have that
t—2
p = CDZ In —®)"C(01 %14+ O2 224 7). (IA9)
7=0

Given a sample of T" observations, we estimate the unconditional expectation of the portfolio

return due to posttrade persistent return distortion as

T—1 i—2
1 - -
/ij = —m (91 Tt + 92 Q?Qt)T(I) Z(IN — @)70(91 Il’t,.,- + 02 .1’27,5,7-) (IAlO)
t=2 7=0
= —011101 — 0241505 — 01 (1175 + p151)0, (IA11)
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where

mez (Iy — ) CFyys, (1A12)

= Zx;@z (Iy — ) CEoyr, (IA13)

o = 75— Zx]‘t@ Z (Iy — ®)"CZyy_r, and (1A14)
oy = 7 Z 2, Z (Iy — D) CFyyy (IA15)

are the unconditional expectations of the portfolio returns due to persistent posttrade return
distortions of the first characteristic, the second characteristic, the first characteristic on the
second characteristic, and the second characteristic on the first characteristic, respectively.

In addition to the return due to persistent posttrade return distortion, we consider
the following marked-to-market portfolio return:

1
MMR(Aw,) = —w;" | CAw, — —AthCAwt, (IA16)

where the first term on the right-hand side of (IA16) is the marked-to-market return from
the portfolio before trading at time ¢, w,” ;, due to the return distortion induced by the
rebalancing trade Aw,, and the second term is the marked-to-market return from the rebal-
ancing trade, Aw,, which is executed at an average return distortion of CAw;/2. Given T
observations and using the definition of Aw; in (4) for the case with K = 2 characteristics,
we have that the unconditional expectation of the marked-to-market portfolio return is:

1 T-1

MMR = 73 (0127, +0y25, ) C(0y T1y + 0y 7o)
t=2

1 - - - -
+ = (01 T1t + 0o 1‘2t)TC(91 T1e + 02 Tat)],

2
= 0N\ 01 — 020805 — 01( N5 + No1)0s — 01201 — 0205205 — 260, \F30,
= 0, (N N0y — Ba (A5 4 AB2)0y — 01 ( N2y + MDT 4+ 2X02)6,, (IA17)

where

T-1 T-1
1

T—
1 -
T 221:” (Ciy, M= T QZJ:Qt (CiEgy, M) = mfotLCl‘zt, and
=2

1 — N
= —2 Z LC;rtTlC.fL'lt
t=2

PLE
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are the unconditional expectations of the marked-to-market returns of: the first characteristic
portfolio before rebalancing at time ¢, the second characteristic portfolio before rebalancing
at time ¢, the first characteristic portfolio before rebalancing at time ¢ induced by the re-
balancing trade on the second characteristic, and the second characteristic portfolio before
rebalancing at time ¢ induced by the rebalancing trade on the first, respectively, and

p2 S p2 1L ot »2 I Ve
A= m ;$1t0$1t, Ay = m ;thcht, and A5 = m ;xltC’wgt

are the unconditional expectations of the marked-to-market returns from the first-characteristic
rebalancing trade, the second-characteristic rebalancing trade, and the interaction between
the first- and second-characteristic rebalancing trades, respectively.

Adding the unconditional expectations of the portfolio return due to return distortion
(IA11) and the marked-to-market return (IA17), we obtain the persistent price-impact costs:

PPIC = 01 (4f — N = N*)01 + O (4 — Ny" — A5%)0 + O (udy + pihy — Ay — Mgy — 2X75) 0.

The following proposition shows that when the matrix of mean-reversion parameters
converges to the identity matrix, the model of persistent price-impact costs introduced in
this appendix converges to the model of temporary quadratic price-impact cost considered

in the main body of the manuscript.

Proposition TA.4.1 Let C = 2A, where A is the diagonal price-impact cost matriz defined
in (3). Then, as the persistent price-impact cost matriz ® in (IA7) converges to the identity
matrix, the model of persistent price-impact costs converges to the model of temporary price-

mmpact costs introduced in Lemma B.1.

Proof of Proposition IA.J.1: Let the diagonal elements of matrix ® in (IA7) converge to one;
that is, ®;; — 1. Then, from (IA8) we have that the excess return due to posttrade price
distortion at time ¢ + 1 is:

il = —0CAw;. (IA18)

Accordingly, given a sample of T" observations and assuming that ® — I, we can estimate
the unconditional expected portfolio return due to price distortions as

T—1
> w! CAw,, (IA19)

t=2

1

p_ ___ -
# T—2

which can be rewritten by noting that w;, = wzi 1 +Aw;. Thus, we have that when ® — I,
the global persistent price-impact costs can be written as:

1 T-1

1
GPPIC = 75 {(wfl + Awy) ' CAw, — w; | CAw, — EAthCAwt : (TA20)
=2
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which can be simplified as follows:

T-1
1 1. -
Therefore, if C' = 2A, equation (IA21) coincides with the definition of price-impact costs

in (7) for the case of linear price-impact costs when a = 1. |

We now state the decisions of the investors in the first and second characteristics in
the decentralized setting, and the decision in the centralized setting. The ¢th investor in the
first characteristic chooses her investment position 6;; to maximize the difference between

her persistent price-impact cost and expected return:

I I
max Oripen — 01:A101; — O\ g 01,5 — O1i\12 Zl 65, (IA22)
J7t j=

where A\; = £ — A?' — X% is the persistent price-impact cost from trading the first charac-
teristic, and Ao = 1Py — NPY — M\P2 is the persistent price-impact costs from the interaction
between the first and second characteristics.

Similarly, the decision of the ¢th investor in the second characteristic is

IQ 11
H;&X Oaifta — 23 Aol — B3 \o Z (92,j — O A2 Z 91j, (IA23)
* j#i j=1
where Xy = (i — At — \P% g the persistent price-impact cost from trading the second

characteristic, and Aay = p8, — A5l — A2 is the persistent price-impact cost from the interaction

between the two characteristics.

Finally, the decision in the centralized setting is:

em%X O1cpt1 + Oocpio — 91CX191C - QchIQQQC - 620X21010 - 9252920 (IA24)
1cV2¢
It is then straightforward to characterize the equilibrium in closed form for the decentralized

and centralized settings by extending the results in Propositions B.2 and B.3.

Figures TA.6 and TA.7 depict the aggregate investment positions and profits when
there are only investors exploiting the first characteristic (I; > 1 and I, = 0) and there
are investors exploiting both characteristics (I; > 1 and Iy > 1), respectively. The figures
compare the equilibria for four cases where the matrix of mean-reversion parameters is
& =011y, d =02y, P =03y, and ® = Iy. We define persistent price-impact matrix
C in (IA6) as C' = 2A, where A = E[A,] is the unconditional expectation of the diagonal
price-impact cost matrix defined in (3). Thus, according to Proposition TA.4.1 when matrix

Page 8 of Internet Appendix



® in (IA7) converges to the identity matrix, the model of persistent price-impact costs
converges to the model of temporary price-impact costs in Lemma B.1. To estimate the
price-impact diagonal matrix A;, we rely on the results of Novy-Marx and Velikov (2016),
who use trade-and-quote data to estimate )\, for the case with linear price impact and
find that the R-squared of a cross-sectional regression of log(As,) on market capitalization
is 70% and the slope is not statistically distinguishable from minus one. This suggests that
a good approximation to the A, of individual stocks is to assume that they are inversely
proportional to the market capitalization of each firm. Moreover, Novy-Marx and Velikov
(2016) find that the average price elasticity of supply, defined as the product of the price-
impact parameter of the nth stock and its market capitalization at time ¢, Ay, X mey,, is
about 6.5. Based on this evidence, we estimate the stock-level price-impact parameter as
Ain = 6.5/mey,.

Our main observation is that the monotonicity properties of the investment positions
and profits with respect to the number of investors for the case with persistent price im-
pact are similar to those for the case with temporary price impact, and thus our insights
are robust to considering persistent price impact. In particular, Figure IA.6 shows that, in
the presence of persistent price impact, it continues to hold that as the number of investors
exploiting the first characteristic increases, their aggregate investment position increases and
their aggregate profit decreases. In other words, in the presence of persistent price impact it
continues to hold that competition among investors exploiting the first characteristic erodes
their profits. Moreover, Figure IA.7 shows that, in the presence of persistent price impact,
it continues to hold that as the number of investors exploiting the second characteristic
increases, the aggregate investment position and profits of investors exploiting the first char-
acteristic increases. That is, in the presence of persistent price impact, it continues to hold
that competition among investors exploiting the second characteristic increases the profits
from the first characteristic.

Comparing the cases with persistent price impact (® = 0.1Iy, & = 0.21y, and
® = 0.3Iy) with the case with temporary price impact (® = Iy), we observe that the
investment positions and profits from the first characteristic are larger in the presence of
persistent price-impact costs than for purely temporary price-impact costs. This is because
the persistent price-impact parameter for the first characteristic estimated from the data is
smaller than its temporary counterpart (Xl < A1). For the second characteristic, we obtain

the opposite because Xg > \o.
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Figure TA.1: Competition with “book to market” as the single characteristic

This figure illustrates the effect of competition on aggregate investment positions and profits when there
are only investors exploiting a single characteristic (I; > 1 and I = 0). The figure depicts the aggregate
investment position and profits for the first characteristic for the cases with I; = 1, 2,5, 10, 20, co investors.
We consider the price-impact cost model of Frazzini et al. (2018) and use “book to market” as the single
characteristic.

Investment position ($B)

Annual profit ($M
35 . . 140 Hnu‘ pro \( )

120

100

80

60

40

20

Page 10 of Internet Appendix



Figure TA.2: Competition with “book to market” and “gross profitability”

This figure depicts the investment positions and profits for the two characteristics for the decentralized setting
where there is a single investor exploiting the first characteristic I; = 1 and I, = 0, 1, 2,5, 10, 20, co investors
exploiting the second, and for the centralized setting (Cen). Panel (a) depicts the aggregate investment
position in each of the two characteristics and the total investment position across both characteristics in
billions of dollars. Panel (b) depicts the annual profits obtained from each characteristic and the total profits
from both characteristics in millions of dollars. We consider the price-impact cost model of Frazzini et al.
(2018) and use “book to market” as the first characteristic and “gross profitability” as the second.
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Figure TA.3: Competition with “momentum” as the single characteristic

This figure illustrates the effect of competition on aggregate investment positions and profits when there
are only investors exploiting a single characteristic (I; > 1 and I = 0). The figure depicts the aggregate
investment position and profits for the first characteristic for the cases with I; = 1, 2,5, 10, 20, co investors.
We consider the price-impact cost model of Frazzini et al. (2018) and use “momentum” as the single char-
acteristic.
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Figure TA.4: Competition with “momentum” and “gross profitability”

This figure depicts the investment positions and profits for the two characteristics for the decentralized setting
where there is a single investor exploiting the first characteristic I; = 1 and I, = 0, 1, 2,5, 10, 20, co investors
exploiting the second, and for the centralized setting (Cen). Panel (a) depicts the aggregate investment
position in each of the two characteristics and the total investment position across both characteristics in
billions of dollars. Panel (b) depicts the annual profits obtained from each characteristic and the total profits
from both characteristics in millions of dollars. We consider the price-impact cost model of Frazzini et al.
(2018) and use “momentum” as the first characteristic and “gross profitability” as the second.
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Figure TA.5: Competition with “momentum” and “book to market”

This figure depicts the investment positions and profits for the two characteristics for the decentralized setting
where there is a single investor exploiting the first characteristic I; = 1 and I, = 0, 1, 2,5, 10, 20, co investors
exploiting the second, and for the centralized setting (Cen). Panel (a) depicts the aggregate investment
position in each of the two characteristics and the total investment position across both characteristics in
billions of dollars. Panel (b) depicts the annual profits obtained from each characteristic and the total profits
from both characteristics in millions of dollars. We consider the price-impact cost model of Frazzini et al.
(2018) and use “momentum” as the first characteristic and “book to market” as the second.
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Figure IA.6: Competition in a single characteristic with persistent price impact

This figure illustrates the effect of competition in the presence of persistent linear price impact when there
are no investors exploiting the second characteristic (I = 0) and there are I; = 1,2,5,10,20, 0o investors
exploiting the first characteristic. We consider linear (w = 1.0) and persistent price impact for four cases
where the matrix of mean-reversion parameters are ® = Iy, ® = 0.3[y, ® = 0.2Iy, and ® = 0.11y, where
Iy is the N-dimensional identity matrix. We use “investment (asset growth)” as the first characteristic.
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Figure IA.7: Competition in the second characteristic with persistent price impact

This figure depicts the investment positions and profits for the two characteristics in the presence of persistent
linear price impact for the decentralized setting where there is a single investor exploiting the first charac-
teristic [y = 1 and I, = 0,1,2,5,10, 20, co investors exploiting the second, and for the centralized setting
(Cen). Panel (a) depicts the equilibrium investment positions and Panel (b) the profits for the setting with
linear (o = 1.0) and persistent price impact for four cases where the matrix of mean-reversion parameters
are ® = Iy, ® =031y, P = 0.2y, and ® = 0.11y, where Iy is the N-dimensional identity matrix. We use
“investment (asset growth)” as the first characteristic and “gross profitability” as the second.
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Table TA.1: Impact of trading diversification: first subsample

This table reports the capacity, optimal investment, and optimal annual profit of a single investor that
exploits the 18 characteristics in isolation and in combination for the first half of our sample. For each
characteristic, the first column reports its acronym and the remaining columns report its capacity, optimal
investment, and optimal profit when considered in isolation and in combination, as well as the percentage
increase in these quantities when the characteristic is considered in combination instead of in isolation. We
obtain the optimal investment and profit by solving problem (9) for each of the 18 characteristics in isolation
and in combination, with the price-impact cost PIC; evaluated using the model of Frazzini et al. (2018)
in Equation (13). The investment is given by the optimal value of 6 and the annual profit is 12 times the
optimal objective of problem (9). We express all quantities in terms of market capitalization at the end of
our full sample (December 2018).

Capacity Investment Profit

Isol. Comb. Incr. Isol. Comb. Incr. Isol. Comb. Incr.
Characteristic ~ ($bill.)  ($bill.) (%) ($bill.) ($bill.) (%) ($mill.) ($mill.) (%)
gma 41.131 55.210 34 19.365 26.222 35 105.24  150.16 43
bm 11.845 18.859 59 5.527 8.957 62 37.84 68.55 81
herf 8.382 16.731 100 3.789 7.946 110 4.99 14.43 189
agr 7.475 12.339 65 3.475 5.860 69 32.06 60.65 89
rd_mve 10.801 10.670 -1 5.111 5.068 -1 60.14 61.95 3
chatoia 3.485 6.114 75 1.607 2.904 81 11.40 24.86 118
bm_ia 0.118 4.734 3905 0.051 2.248 4270 0.03 3.60 12285
mve 3.038 3.278 8 1.449 1.557 7 32.80 35.66 9
ps 2.310 2.643 14 1.059 1.255 19 5.29 7.92 50
beta 0.414 1.732 319 0.189 0.823 335 0.26 2.15 727
mom12m 0.813 1.587 95 0.368 0.754 105 3.73 9.78 162
chtx 0.499 1.102 121 0.228 0.523 130 1.21 4.02 233
sue 0.426 0.970 127 0.194 0.461 137 1.23 3.87 214
retvol 0.257 0.908 254 0.114 0.431 279 1.24 6.56 430
std_turn 0.000 0.365 - 0.000 0.174 - 0.00 0.56 -
momlm 0.006 0.331 5392 0.003 0.157 5933 0.01 2.25 36707
zerotrade 0.036 0.323 787 0.016 0.154 845 0.08 1.64 2061
pchgm _pchsale 0.253 0.063 —75 0.112 0.030 -—73 0.17 0.10 —40
Total 91.290 137.960 51 42.659 65.525 54 297.72  458.71 54
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Table IA.2: Impact of trading diversification: second subsample

This table reports the capacity, optimal investment, and optimal annual profit of a single investor that
exploits the 18 characteristics in isolation and in combination for the second half of our sample. For each
characteristic, the first column reports its acronym and the remaining columns report its capacity, optimal
investment, and optimal profit when considered in isolation and in combination, as well as the percentage
increase in these quantities when the characteristic is considered in combination instead of in isolation. We
obtain the optimal investment and profit by solving problem (9) for each of the 18 characteristics in isolation
and in combination, with the price-impact cost PIC; evaluated using the model of Frazzini et al. (2018)
in Equation (13). The investment is given by the optimal value of 6 and the annual profit is 12 times the
optimal objective of problem (9). We express all quantities in terms of market capitalization at the end of
our full sample (December 2018).

Capacity Investment Profit

Isol. Comb. Incr. Isol. Comb. Incr. Isol. Comb. Incr.
Characteristic ($bill.)  ($bill.) (%) ($bill.)  ($bill.) (%) ($mill.)  ($mill.) (%)
gma 60.893 80.241 32 30.446 38.395 26 205.06 302.67 48
rd_mve 58.121 59.463 2 28.030 28.452 2 1246.73 1277.08 2
herf 23.337  47.972 106  10.795 22.954 113 43.09 101.84 136
bm 17.381 21.964 26 8.218 10.510 28 80.47 111.28 38
beta 14.011 18.620 33 6.506 8.910 37 53.02 76.64 45
agr 8.283 16.191 95 3.838 7.747 102 33.94 82.68 144
pchgm_pchsale 1.193 3.934 230 0.544 1.883 246 1.86 9.63 418
ps 1.581 3.272 107 0.725 1.566 116 3.68 11.04 200
mve 1.548 1.677 8 0.739 0.802 9 15.22 17.20 13
moml12m 0.173 1.572 808 0.078 0.752 869 0.30 5.62 1796
chatoia 0.000 —1.436 - 0.000 —0.687 - 0.00 —0.48 -
chtx 0.218 1.427 554 0.099 0.683 587 0.29 3.78 1218
sue 0.298 1.059 256 0.135 0.507 275 0.77 4.35 466
bm_ia 0.001 0.902 - 0.000 0.432 - 0.00 0.29 -
std_turn 0.000 0.844 - 0.000 0.404 - 0.00 1.41 -
retvol 0.000 0.764 - 0.001 0.366 58712 0.00 3.29 -
momlm 0.000 0.239 - 0.000 0.115 - 0.00 0.87 -
zerotrade 0.000 0.184 - 0.000 0.088 - 0.00 0.22 -
Total 187.037 261.762 40 90.154 125.250 39 1684.42 2009.43 19

Page 18 of Internet Appendix



	Introduction
	Parametric portfolios with price-impact costs
	Parametric portfolios
	Price-impact costs
	Optimal parametric portfolio

	Trading diversification with a single investor
	Theoretical results
	Empirical results

	Competition with trading diversification
	Game-theoretic model of competition
	Competition in the first characteristic
	Competition across characteristics
	Centralized investing in characteristics
	Empirical calibration

	Conclusion
	Trading-diversification example
	Game-theoretic model of strategic competition
	Decentralized setting
	Centralized setting
	Equilibrium

	Empirical tests using mutual-fund data
	Data and measures of competition
	Regression results
	Robustness checks
	Subsample analysis
	Controlling for flow-induced trading (FIT)
	Nondiscretionary trading competition
	Herfindahl-Hirschman-index (HHI) competition
	Divergent versus convergent characteristics


	Proofs for all results
	Game-theoretic model with risk-averse investors
	Trading diversification with a single investor: subsample analysis
	Empirical calibration of game-theoretic model
	Persistent price-impact costs



